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CN ■ Abstract 

We extend to the case of moving solitons, the result on asymptotic 
Ql^ ' stabiUty of ground states of the NLS obtained by the author in [Cul]. 

■^C . For technical reasons we consider only smooth solutions. The proof is 

similar to the earlier paper. However now the flows required for the Dar- 
boux Theorem and the Birkhoff normal forms, instead of falling within 
C^ ■ the framework of standard theory of ODE's, are related to quasilinear 

hyperbolic symmetric systems. It is also not obvious that Darboux The- 
orem can be applied, since we need to compare two symplectic forms in a 
neighborhood of the ground states not in _ff (R ), but rather in the space 
\l ' E where also the variance is bounded. But the NLS does not preserve 

^ , small neighborhoods of the ground states in E. 

in 

5^ '. 1 Introduction 

r^ I We consider the nonlinear Schrodinger equation (NLS) 

iut = -Au + l3{\u\'^)u , u{0,x) =uo{x), {t,x) eRxR^ (1.1) 

assuming: /3(|up)u is "short range" and smooth; (1.1) has a smooth family of 
ground states. 
. In [Cul] we proved that, if we break the translation invariance of the equa- 

j^ ■ tions by either taking solutions with uo{—x) = uo{x) or by introducing some 

spacial inhomogeneity in the equation, for instance by adding a term V{x)u, the 
ground states are asymptotically stable, under what looks a generic hypothesis. 
More precisely, we assumed the sufficient conditions for orbital stability by M. 
Weinstein [Wl]. We assumed some spectral hypotheses on the linearizations 
(absence of embedded eigenvalues, this probably always true under Weinstein's 
hypotheses) and a number of other hypotheses which hold generically (nonde- 
generacy of the thresholds of the continuous spectrum; some mild non resonance 
conditions on the eigenvalues) and which are stated in Subsect. 1.1. We then 
proved a form of Fermi golden rule (FGR) . Specifically, we proved that certain 
coefficients of the system are square powers. This implies that they are non 
negative. We then assumed that these coefficients are in fact positive, which 



is probably true generically, and used this to prove asymptotic stability of the 
ground states. A result similar to [Cul], with some restrictions, is proved for 
the Dirac equation in [BuC]. 

In this paper we extend the proof of [Cul] to equations like (1.1) without 
requiring any symmetry for the initial data Uq- Hence we prove that a solution 
u{t) of (1.1) starting sufhciently close to ground states, is asymptotically as 
t /- +00 of the form e'^(*)+5''+-^(/)„^(a; - B(t)) + e**^/i+, for u;+ and w+ fixed, 
for d e Ci(M,M), D e CnK,M^) and for /i+ e W^i^) a small energy function. 
For technical reasons we need a certain known a priority regularity and decay 
of uo, although in the estimates we use only the norm ||wo||/fi- 

The problem of stability of ground states of the NLS has a long history, 
partially reviewed in [Cul]. Orbital stability was well understood in the 80's, 
see [CL, S, Wl, GSSl, GSS2], and there is a long literature. For asymptotic 
stability we highlight [SWl, SW2, BPl, BP2, OS], for more references see [Cul]. 

One of the crucial difficulties in asymptotic stability is in showing that the 
discrete modes appearing naturally in the problem, which left on their own 
would oscillate, are dumped by the nonlinear interaction with the continuous 
modes. By conservation of energy, this happens by passage of energy from the 
discrete to the continuous modes. The proof requires nonlinear versions of the 
FGR, see [Si]. In our setup, versions of the FGR of ever growing generality 
where proved in special cases in [BP2, SW3, TYl, TY2, TY3, Ts, BS, Cu2, GS, 
CM, GW]. They involved search of appropriate coordinates through Poincare 
Dulac normal forms. For related linear problems, see [KW] and the references 
therein. [Cu3] seems to be the first reference to have noticed the relevance of 
the hamiltonian structure of the NLS. The intuition in [Cu3] was implemented 
in the series [BC, Cul, Cu4, BuC]. 

The FGR consists in proving that certain coefficients are square powers, and 
so are generally positive. The coefficients will typically have the structure A-B, 
with A and B coefficients of the system in appropriate coordinate systems. The 
square power structure will follow from B = A. Proving such identities among 
the coefficients in the NLS, is certainly easier if we exploit the hamiltonian 
structure. We search an appropriate system of coordinates through the method 
of Birkhoff normal forms. In the cases considered in [BC, Cu4] this is easier 
because the natural coordinates which appear linearizing the system around 
the solution, are canonical coordinates. So one can start the Birkhoff normal 
forms from the initial system of coordinates. 

In analysis of the stability of solitons, the natural coordinates of the lin- 
earization are not canonical. Before starting the method of normal forms one 
has to find canonical coordinates, through an implementation of the Darboux 
theorem. This has to be done in the right non abstract way, in order not to 
lose the property that the NLS is a semilinear system. This process is done in 
[Cul, BuC]. However these papers, as well as most of the papers quoted so far, 
avoid the case of moving solitons. Special cases, without discrete modes, were 
treated in [BPl, Cu5]. For multisolitons with weak interaction and no discrete 
modes see in [P, RSS]. 



Moving solitons present three special difHculties. First of all, they yield 
terms in the equation of the continuous modes which are non linear but which 
is difficult to see as perturbations of the linear equation. It is not obvious how 
to eliminate them through an integrating factor. Fortunately work by Beceanu, 
such as [Be], has solved this problem. Early solutions in particular cases are in 
[BPl, BP2] (see [BS, Cu5] for proofs). 

The second difficulty involves the Darboux theorem. The method followed 
in [Cul] becomes too complicated in the moving solitons setting. It is useful to 
use charge and linear momenta as coordinates. In the case of the charge, had 
this been done in [Cul] , it would have simplified the proof there. One difficulty 
with the Darboux theorem is the determination of the vectorfield A"* obtained 
as dual of an appropriate 1 form, in the Moser version of Darboux Theorem used 
here. In [Cul] the existence of such X* and some of its properties are rather 
elementary. In this paper, we are comparing two symplectic forms which are not 
both defined in H^{M.^). Rather, they are symplectic forms in the smaller space 
El formed by functions of bounded H^ norm and bounded variance, see (1.8) 
and Sect. 7. The proof of the existence of X* would be easy if we could assume 
that the variance of the solutions of the NLS, assuming it is small at time t = 0, 
remained small for all times. But this is not the case, so the discussion is rather 
complicated. 

The third difficulty present here and not in [Cul] is that, the vector fields 
whose flows are used to change coordinates in the implementation of Darboux 
theorem and of the method of Birkhoff normal forms, do not fall as in [Cul] 
within the framework of smooth vectorfields in Banach spaces. Here instead we 
have to deal with quasilincar hyperbolic symmetric systems. So well posedness 
and regularity of the flows, which in [Cul] are elementary, are here more delicate. 
Particular attention requires the issue of regularity of the flows with respect to 
the initial data. Fortunately our systems have quite simple structure. In a 
rather standard way, our flows are obtained as limits of flows of systems with 
viscosity, which fall within the classical framework of ODE's. In the limit we lose 
some regularity. It is at this juncture that we use the qualitative information 
on regularity and decay of the initial datum uq. The more we iterate, the more 
we lose regularity. Fortunately we have as much regularity and decay of uq and 
of the ground states as we want, to start with. 

Acknowledgments I wish to thank G. Tondo for discussions about the 
reduction of variables and for pointing out reference [O] . 

1.1 Statement of the main result 

We will assume the following hypotheses. 

(HI) /3(0) =0, /3gC°°(M,R). 

(H2) There exists ap £ (1, 5) such that for every fc > there is a fixed Ck with 



5;;^«"'> 



< Cili.l'-'-' If |..| > 1. 



(H3) There exists an open interval O such that 

Au-uju + l3{\u\^)u = for.TeM^ (1.2) 

admits a C^-family of ground states (j)uj{x) for uj £ O. 
(H4) 

diu 



^UJhiR^)>0 ioTueO. (1.3) 



(H5) Let L+ = —A + w — f3{(j)'^) — 2/3'((/)^)(/)^ be the operator whose domain is 
H'^{M.^). Then we assume that I/+ has exactly one negative eigenvalue and 
does not have kernel when restricted to H^(R'^), the subspace of H^{M.^) 
formed by functions with radial symmetry. 

(H6) Let Hcu be the linearized operator around (f)u: (see Section 2 for the precise 
definition). Hi^ has m positive eigenvalues Ai(w) < A2(a;) < ... < Am(w) 
with < Nj\j{u}) < w < {Nj + l)Aj(w) with N^ > 1. We set N = iVi. 
Here we are repeating each eigenvalue a number of times equal to its 
multiplicity. We assume the multiplicity constant in uj. 

(H7) There is no muhi index ^ e Z™ with |/i| := \fii\ + ... + \nk\ < 2Ni+3 such 
that fj, • X ^ m. 

(H8) If Ajj < ... < Xjf^ are k distinct A's, and /i G Z*^ satisfies |^| < 2Ni + 3, 
then we have 

fJ-iXji H h A^feAjfc = ■<=^ [1 = 0. 

(H9) "Htj has no other eigenvalues except for and the ±Aj(cj). The points zLu> 
are not resonances. 

(HIO) The Fermi golden rule Hypothesis (HIO) in subsection 13.2, see (13.2), 
holds. 

(Hll) We assume that uq is a Schwartz function. 

Recall that from the 0^^ one can derive solitons e^^'^^il"! *+**'^+*t0;^(x— wt— 2?). 
Solutions of (1.1) starting close to a ground state, for some time can be written 
as 

u(f,x) = Tz5(t)e*^(*'^)((/)„(t)(x) +r(i,x)) 

1 (1-4) 

e{t,x) ^ -v{t) •a; + i?(t) 

with TDfix) := fix - D). 

Theorem 1.1. Let oji G O, vi E M. and (f>i^-^(x) a ground state of (1.1). Let 
u{t,x) be a solution to (1.1). Assume (Hl)-(HIO). Then, there exist an e^ > Q 
and a C > such that if e := inf-^gR^yggs ||uo — e^'^e '^'"'^'^4>u)i{' — J/)||ffi < ^o, 
there exist lu± e O, v± e R^, 9 e Ci(M;R), y G C1(M;R3) and h± e H^ with 
||^±llifi + I'^i ^ '^il + |w± ^ wi| < Ce such that 



^ lim \\u{t, •) - e'''(*'+^-±-r,(,)0^^ - e''^h±\\m = 0. (1.5) 

In the notation of (1.4), we have Tjyt-t\e^^*'^'r{t, x) — A{t,x) + r{t,x) such that 
A{t,-) e 5(R^C), \A{t,x)\ < C{t) with YurL\t\^^ C {t) = and such that for 
any pair {p, q) which is admissible, by which we mean that 

2/p + 3/g = 3/2, 6>g>2, p>2, (1.6) 

we have 

FliL^R.lVi'') - C'll^ollffi. (1.7) 

Remark 1.2. In the proof we use only bounds on the H^ norm of uq. Nonetheless 
we use in a quahtative fashion the fact that uq is quite regular and rapidly 
decaying. For simphcity we restrict attention to the case when uq is a Schwartz 
function. 

Remark 1.3. In the proof we show that we can take 6 — -d and y ^ D, with 
(■!?, D) the functions in Lemma 2.1. In Lemma 13.9 we show D = v + o(l) with 
V as in Lemma 2.1 and hmi_j.oo o(l) = 0. Similarly, i? = a; + ^ + o(l). 

Remark 1.4. Notice that in (H6) we exclude eigenvalues oiT-Lu) in (w,oo) mainly 
because we think they do not exist under (II1)-(II5). Notice that in [CPV] 
smoothing estimates for "H^^ are proved also in the presence of eigenvalues in 
(cj,oo), so that the theory here and in [Cul] could be developed also in that 
situation. 

Remark 1.5. By elementary arguments, Theorem 1.1 is a consequence of the 
special case where the linear momenta are equal to 0, see (2.3). So we will focus 
only on this case. 

We briefly describe the proof, which is similar in spirit to [Cul], but de- 
parts from [Cul] in important ways. First of all, we need to choose a system 
of coordinates around the ground states. There is a natural choice related to 
the notion of modulation and to the spectral decomposition of the linearization. 
Only in a second moment we use charge and linear moment as coordinates. 
Since these are invariants of motion, we then consider a reduction of coordi- 
nates, in an elementary fashion. We also move to canonical coordinates through 
an implementation of the Darboux theorem. We then start the Birkhoff normal 
form argument, that is, we consider other canonical coordinates where the sys- 
tem looks increasingly more treatable. Finally after a finite number of them, 
we settle with coordinates where it is possible to prove the Fermi golden rule. 
Then, if (HIO) is true, we conclude simultaneously that the continuous modes 
disperse and that the energy of the discrete modes leaks away through nonlinear 
interaction with the continuous modes. The most delicate and novel feature of 
this paper with respect to [Cul] consists in the analysis of the flows (^* used for 
Darboux theorem and the Birkhoff normal forms. In particular, since we are 
outside the realm of ODE's, it is less obvious to conclude that for fixed t the 
flow 0* is a differentiable map. This is where (Hll) is helpful. As for Birkhoff 



normal forms, we also add some more material useful to understand the homo- 
logical equations, which are nonlinear, and which should help to understand the 
analogous discussion in [Cul], which is very succinct. 

We end the introduction with some notation. Given two functions /, g : 
R-^ — >• C we set {f\g) = J^s f{x)g{x)dx (with no complex conjugation). Given 
a matrix A, we denote by by A^ , its transpose. Given two vectors A and B, 
we denote by A^i? = Tlii-^j-^j their inner product. Sometimes we omit the 
summation symbol, and we use the convention on sum over repeated indexes. 
For any fc, s e M and any Banach space K, we set 



H'^^'iK.^K) - {/ : R3 ^ i^ s.t.||/||^e,. :- ||(x>^||(-A + iflW^L^ < ^}. 

In particular we set L^'^ — H^'^ , L^ — i^'°, H^ — H^'^ . Sometimes, to empha- 
size that these spaces refer to spatial variables, we will denote them by Wj''^, L^, 
7J^, H^'^ and L^:^ . For / an interval and Y^ any of these spaces, we will consider 
Banach spaces L^{I,Yx) with mixed norm |l/|lLP(/,y^) '■— IIII/I|i'xIIl''(/)- In. the 
course of the proof we will consider a fixed pair of spaces H^'^ and H^^'^^ , 
for positive and large K and S. 

We set (idx + ix)" :~ Yia^ii^'^a + ia^a)"" for any multiindex a. For any 
natural number n > 1 We consider the space E„ defined by 

niL:= E ll(ia.+ixri/||i. <oo. (^_g) 

I a I < n 

Given an operator A, we will denote by Ra{z) = {A — z)^^ its resolvent. 
We set No = NU {0}. We wiU consider multi indexes y^ € N™. For ^ e Z™ with 
/u = {ill, ..., Hm) we set |/z| = X^^i IMjI- For X and Y two Banach space, we 
will denote by B{X,Y) the Banach space of bounded linear operators from X 
to Y and by B^{X, Y) ~ B(J| ■ -^ X, Y). Given a differential form a, we denote 
by da its exterior differential. 



2 Linearization and set up 

Let U — *{u,u). We consider the energy 
E(U) = Ek(U) + Ep(U) 
Ek{U):= / Vu-Vudx, Ep{U):^ / B{uu)dx 

with -8(0) = and duB{\u\'^) — (3{\u\'^)u. We wiU consider the matrices 
^0 1\ fO i\ A 



1 0/ '""" V-i 0/ '"^" \0 -1' • ^^-^^ 



For U S H^{M.'^,C) x _H'-'^(R^,C) we have the foUowing charge and momenta, 
which yield invariants of motion of (1.1): 

Q{U) = I uudx =^ -{U\(JiU). 

" r , a <"' 

UaiU) = Im / u{x)ux^{x)dx = -7r(f/|cr30-lT^ — U). 

Jr3 2 dXa 

Sometimes we will denote n(t/) = (ni{U),Ui(U),U3{U)). We wiU focus only 
on solutions of the NLS (1.1) s.t. n(t/) = 0. 

The charge Q and the momenta H^ are in C°°{H^iM.^,C) x H^{M.^, C),C) 
while E e C^{H^iM.^,C) x H^{R^,C),C). If for any such functional F we set 
dF{X) = (VF, X) for any X e C^, with rfF the exterior differential and VF 
the gradient of F, then 

WQ{U) = ait/ , Vn„(C/) = -ia^aij^U. (2.4) 

For later use we set 

*" = (ll) ' «(^) = Q(*")' ^(^) = ^(*")' P"(^) = na($c.) 

(i(a;) = e(cj) + Luq{uj). 
Equation (1.1) can be written as 



(2.5) 



if>=( °i iVH)-^3aiVii;(C/). (2.6) 



(2.7) 



-1 oj ^ii^j - -^-^^^(^) 

We introduce now the linearization 

Hu := fTgai (V2£;($^) + LoV'^Qi^^)) = a3(-A + cj) + V^ 
where K. := <T3 [/3(02 ) ^ ;3'(^2 )^2] ^ i^2^'(^2 )^2 _ 



The essential spectrum of T-L^^ is (—00, — w] U [cj, +00). It is well known, [W2], 
that by (H4)-(H5) is an isolated eigenvalue of Ti,^ with dim A^g('H^) ~ 8 and 

Since -H;^. = cts'H^o-s, we have Ng{HZ) = span{$,cr3a„$, cr3a^„$,Xa$}. We 
consider eigenfunctions ^j(w) with eigenvalue Aj(a;): 

'HuS,]{uj) == Aj(a;)^j(cj), Hcj(Ji(,j{uj) ^ -Xj{uj)(Ti^j{uj). 

They can be normalized so that {as'HujS.ji'^),^,^^)) — 6ji. Furthermore, they 
can be chosen to be real, that is with real entries, so ^j = ^ for all j, see Prop. 

5.1 fGWl. 



Both 0^ and ^j{uj^x) are smooth in tu E O and a: G M*^ and satisfy 

m 

sup e'^l-lda^^.Cx)! +^ |9,%(c.,x)|) < c^ 

for every a G (0, ini^^ic \/oj — X(oj)) and every compact subset JC of O. 
For a; G O, we have the "Hc^-invariant Jordan block decomposition 

L2(k3, C2) = Ng{n^) ® ( ®± ®j"Li kcr(H^ T A,(w))) ® ic(^-), (2-9) 

Llin^) := {Af<,(H:) ® (®A6.,\{o} ker(7^: - A(^)))}^ with <Jd = <Jd(n^)- We 
also set LJiHu;) := A^gCH^) ® ( ©ag<t,\{o} ker(H„ - X(oj))). By PcCHc^) (resp. 
-Pd('Haj)), or simply by Pc{^) (resp. Pc((a;)), we denote the projection on L'^{Hco) 
(resp. L'^{Huj)) associated to the above direct sum. The spectral decomposition 
of a vector X with respect to (2.9) is 

m 
X = [^W,(«.) + 5I(^kcrCH.-A,) + Pkcr(«.+A,)) + Pc(n^)\X = 

q'{uj) q'{uj) ^ g(w) ^ q{uj) 

m m 

(2.10) 
The following lemma is well known. 

Lemma 2.1. Fix Uq = e^'^^'^~ 2 ~^'^''^'^i^^{x — Do). Then 3 a neighborhood 
Z^i'O o/C/o m H^ and functions w G C°°(Z^i'0, O), d G C°°(Wi'0,K) a«rf L>,w G 
C°°(W1'°,R3), s.i. m C/o i/ieir value is {LUo,-do, Do,Vo) and s.t. \/U eU^'" 



U{x) = e'"-^('^^'f^+'')($^(x -D) + R{x - D)) and R G N^{n*^). (2.11) 
Notice that, once the functions are give, we have 

R{x) = e-''^^'('T^+'')C/(x + D)- $^(x) (2.12) 

with the rhs just continuous in U . We can further decompose R using (2.9) as 

m m 

R{x) =Y,z,i,{u,x)+Y,^,aii,{u:,x)+P,{nu)f{x), f G Ll{n^„) (2.13) 

where we fixed loq E O such that qiojo) = ll'^^olll- ^^ ^^ have 

Uix) - e'^-^(''^'^+'') ($^(a; - D) + z ■ ^(c., a; - D) ^^ 14) 

+ ^-aia^,x-D) + {P,{n^)f){x-D)). 



(2.14) is a system of coordinates because for O sufficiently small the map PdV-uj) 
is an isomorphism from L'^{Huia) to L^{7ico)- Notice that the maps U -^ Zj are 
smooth. 

We set z ■ S, — X), -^j^j ^^^ ^ ' "'iC — X^i '^j'^i^j- I'^ ^^'^ sequel we set 



Sometimes we will denote Pdi^) ~ Pc{T~Lu)- 
Wc have the following formulas: 



d 



d 



= e'^^«a<,($(a; - i?) + i?(a; - D)) , — = idaL/lx 






dDa 



d 

dXa 



U{x)., 



d 



d _ i 

a^~ 2 
a 



— ci'^3©^ 



^— = e-^«ej(2; -D), -—= e--^'--Vie,(x - i?) for j = 1, ..., m 



dz 



dz 



(2.15) 



9^ 
(T3{xa-Da)U{x)ioi a = l,2,?,„ (2.16) 



Lemmas 2.2-2.4 are similar to analogous ones in [Cul] 
Lemma 2.2. There is a matrix A such that 



{TDe-^'^^'^asd^^ 
2(Tz3e-''^-^®a3V,$| 



= A 



/ —q'{uj)dLu\ 

-iq'iuj)d^ 

iq{u!)dv 

\^q{u)dDj 



(2.17) 



H^e have A = 1 + Ai(z, /, cj, u) with Ai = (1 + |u|)0(|z| + ||/||^-ic,-s) smooth 
in the arguments z G C"\ / G H^^'^^ and {(jJ^v), for any pair {K,S),. 

Proof. Consider the functions of variable ([/, w, t?, v, D) 



T := (e--3(^^^^f^+^) 



U{x)-<^^{x-D)\<^^{x-D)) 



g := (e-''^-^(^^^^+'');7(x) - $^(x - i^)|a3a^$^(x - Z?)) 
Sa :- (e 



,„,C-^^T^+^)U(x) - ^^{x - D)\{xa - D)<^^{x - D)) 



(2.18) 



Va := {e 



hi?) 



U{x) - $^(a; - D)\a^da'^^{x - D)). 



Notice that differentiating in U we obtain the vectors in the Ihs of (2.17), which 
therefore span a vector bundle which has as sections the gradients Vw, V^, 
Vva, '^Da- For R{x) defined by (2.12), we have following partial derivatives: 

Gc. = (i?k3a2$) , g^ ^ i(q'{ij) + (i?|9„$)) , 

i?; n'(uj) i i (2-19) 

Gd^ = ^^1^ + {{da + ^<J3Va)R\<J3d^^) , G,^ - - - (x„i?|a^<D) . 



Similar formulas are satisfied by the other functionals in (2.18). Substituting 
decomposition (2.13), we see that the functions in (2.19) satisfy the regularity 
required for Ai. For the other functions in (2.18) it is straightforward to check 
that the same is true. This yields by an elementary argument Lemma 2.2. D 



Lemma 2.3. ForU^''^ in Lemma 2.1 sufficiently small, Zj E C°°{U^'^ , 
following formulas hold, summing over repeated index a: 

Vzj = - {a:iij\d,,R)Vu: - 1(^3^^ |cr3i?)V^ - ^(^3^^ |cr3X„i?)Vwa 



The 



2 



(^^3^,1(9:., + i(T3^)i?)VZ?„ + TD{e^'"''''^a:i£,j){x) 



Vz, = 



J - - \CriCT3^j|a^^i?)Vcj - i(criO-3^j|cr3i?)Vl9 - -(criCr3^j |cr3Xai?) VUa 

+ {^i^iiAidx^ + ^^i^)R)VDa + rz5(e-'"-^®aia30)(x). 

Proof. The fact that z^ e C°°{U^-",C) follows from formula 

z,iU) = (C/(a;),e-''^-^(^^^^+'')a3e,(c^,x-i?)), 

the fact that oj,'d,v,D E C°°(Z^^'°) and the properties oi^j(oj,x). We have 

(Vzj|TDe'"^®e^) = Sji, {VzjlTDe'^^'^ai^e) = = (Vz,|rDe'"^'"^CT3(* + R)) 
(Vzj|Tz)e'"^®9„($ + i?)) = = (Vzj, rzje"^ V($ + i?)) 

(Vz.lrzje^'^^-^ (a,„ + ia3^) ($ + i?)) = 



(Vzj|Tz3e'"^«P,(c^)Pe(c^o).g) = Vg e LiiH^„). 



(2.20) 



The latter implies Pc('H* jPc('H* )e"^3H^_^y^^. ^ g and Pc(-H* )e""3«T_i5Vz 
0. By (2.10) and for A and unknown vector, 

/ rz3((e--3e<i,)(^) \ 



Vzj = A^ 



Ti5(e-'"^®a3a„$)(x) 

Ti3(e-''"3®a;$)(x) 

VTD(e-'"^®a3V,$)(a;); 

Using Lemma 2.2 there is a vector Ai s.t. 

V.,=Af I' 
■' ^ vv 

\wdJ 

By (2.16) and (2.20) we obtain 



+ Tz3(e— ^'«a3^,)(x). 



/ 



Ai = - 



+ Tz5(e— ^«(73^,)(x). 



\ 



K<^3£.jW3R) 

^{cTs^jWsxR) 

V-(^3e,l(V,+ia3f)i?); 
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Similar formulas hold for Vzj yielding Lemma 2.3. D 

Lemma 2.4. The map U -^ ,f{U) = f, for U and f as in (2.14), is continuous 
from X into itself, for X ~ L^ , H^ and S„ for any n. Furthermore we have f G 
C^{U^'°,L^^-^), /e Ci(Z^^'°nE,i2) and f e C^iU^^°n^n,^n-i) withFrechet 
derivative f'{U) defined by the following formula, summing on the repeated index 
a, 

f'iU) = {P,{u)P,{uo))-^P,{io)[- d^Rdu 

i y ^ (2.21) 

- iasRd^ - -asXaRdva + (d,^ + ia3^)RdDa + c-'^^^t^d l] • 

We further have f G C"(Z^i'0 n E, //-"+!■-") 

Proof. Continuity follows from Lemmas 2.1-2.3 and formula (2.14) solved w.r.t. 
/. The latter proves also the C^ as well the C" properties. The proof of formula 
(2.21) is similar to that of Lemma 2.3, see also Lemma 4.2 [Cul]. D 

In the sequel given a scalar function ^/'(C/) which is differentiable, we will 
denote by Wftp(U) the only element in L^iH^, ) s.t. for any g E L'^{Huio) ^^ 
have (V/V(C/)I.9> = {Vi;iU)\P,*{Lo)g). 

3 Symplectic structure 

Our ambient space is X x X where we can have 'K = L^, H^, E„. We focus only 
on points with aiU = U, so that the space is identified with X. The natural 
symplectic structure for our problem is 

n{X,Y) = {X\a3C7iY). (3.1) 

Definition 3.1. Let F E C^{U,C) for U and open subset of X. Then the 
Hamiltonian vectorfield of F with respect to a symplectic form f2 is the field 
Xp such that ri(Xi?, Y) = —idF{Y) for any given tangent vector Y E TU. More 
explicitly, Xp = —la^aiVF for the form in (3.1). 

Definition 3.2. For F,G £ C^{U,C) as above, we call Poisson bracket of a 
pair of F and G the function 

{F,G} = dFiXo) = in{XF,XG) = -i(VF|a3TiVG). (3.2) 

Let g e C\U,E) with E a given Banach space on C. Then, for F e CHU,C) 
we set, for Q' the Frechet derivative of Q, 

{G, F} :- g'{U)XFiU) = -ig'iU)a3C7iVF{U). (3.3) 

Weset {F,g} ■.= -{g,F}. 

Obviously our system is hamiltonian. It is important to cast it in terms of 
the Poisson brackets. 
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Lemma 3.3. In the coordinate system (2.14), system (2.6) can be written, for 
F ^E as'd = {d,F} and 

cO = {c^,F}, ./-{/,F}, 

ba = {Da,F}, Va^{va.F} for a ^l,2,i, (3.4) 

^j = {Z3-,F} , -Zj = {zj^F} for j = 1, ..., m . 

Proof. The statement is not standard only for / = {f,E}. Notice that (2.6) 
can be written as 



if/ = -^3 I ^ + !i:l^_^^ u + idje'^^'-'dW^ + R) 



(3.5) 



- ID ■ Vr^'^'i'^ + R)) + ie'"^«(i ■^ + z-aiC + Pc(H„)/). 
So, by (2.16), system ill = 0'3(TiVi?(f7) is the same as 



''^7M+T.^-8;r + '^aZ + T.^-7nr + 'T.^^7^ + ''J2 



dd f^^ dVa duj j^^ dDa j^^ 'dZj j^^ 'dZj (3.6) 

+ ie'f-^"-^Pc(H^)/ - (73(71 VS(;7). 

When we apply the derivative f'{U) to (3.6) the first hne cancels, so we get 

/'(C/)e'«-^P,(H„)/ = -r{U)ia3a,\/E{U) = f'{U)XEiU) = {f,E}, 

from the definition of hamiltonian field and of Poisson bracket. Notice now that 
/ = f'{U)e'^''^PciH^)f. This follows from the fact that 

/'(t/)e'«^^Pe(H J/ = -^ f{U{cj, d, D, V, z,zj + sf)) 

a!y \s=o 

Hence / = {/,P}. D 

4 Reduction of variables 

The following formulas are important. 

Lemma 4.1. Consider charge Q and momenta Ha, see defined in (2.3). Then 

In particular 

{Q,d} = {Ila,Da}=l (4.2) 

and any Poisson bracket not in (4.2) of any of the invariants Q, Ha with any of 
the coordinates from (2.14) is equal to 0. The functions Q, Hq and E Poisson 
commute. 
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Proof. (4.1) follows from (2.16): 

^nj(7) = -ia3aiVn„(C/) = iagaiasaaL/ =. a^L/ ^ 



The second part of the statement follows immediately from (4.1). D 

The following lemma is elementary. 

Lemma 4.2. ForU = &'^^'^ 2 ^^\(^^{x — D) + R{x — D)) and summing on 
repeated indexes, we have the following formulas: 

Q(U) = Q($„ + R) = q{iu) + Q{R) ; 
^a{U) = n„($^ +R)- 2-ii.„0($^ + R) ■ 

E{U) = S($„ + i?) - Vjiai'^u. + R) + \Q{'^^ + i?). 

We have na($^ + i?) = n„(i?). 

Q{U) and Ila{U) are C°° and E{U) is C^ in u>, v, z and f G H . Furthermore 

both E and SI E depend smoothly on {uj, z). 

We introduce now a new hamiltonian, for U^ — (uoj^o); 

K{U) := E{U) - E ($^J + u{U) {Q{U) - Q{Uo)) . (4.3) 

Lemma 4.1 implies that the solutions of (2.6) with charge q{uJo) satisfy (3.4) 
with F — K and ^ — uj — {1}, K}. We would like for K to be our hamiltonian, 
but obviously K is not a hamiltonian for (2.6). To obviate this we notice that 
dn^K = dsK = imply that the evolution of the variables uj,Va, ZjjJj, f is 
unchanged if we consider the following new hamiltonian system: 

lo^{l,,K}, 7? = {^,i^}, f^{f,K}, 

Da^{Da,K}, Va^{Va,K}iOT a =1,2,3, (4.4) 

Zj = {zj, K} , 'Zj = {zj, K} for j = I, ...,m . 

It is elementary that for (4.4) the charge Q(U) and the momenta Ila{U) are 
invariants of motion. 

We proceed to a reduction of order in (4.4) such as as described for instance 
in Theorem 6.35 p. 402 [O]. Here the discussion is elementary because we have 
no need to prove the existence of particular variables, see p. 395 [O]. We set 

Q := Q{U) = q{uj) + Q{R) , 

Ua := UaiU) = UaiR) - y (g(c^) + QiR)) . ^^'^^ 
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Lemma 4.3. After we express R in (4.5) in terms of uj, z and f, see (2.13), 
there is an implicit function uj ~ Lu{Q,z,f) defined by the first of (4.5), with 
Uj{Q,z,f) smooth in Q, z and in f <E L1(ujq). Similarly, Va — Va(ila,Q, z, f), 

with the latter smooth in !!„, Q, z and f G Hi {ujq). 

Proof. For lu — lo{Q, z, f) the statement follows from the implicit function the- 
orem . Write Va = 2Q^^(na{R) — Ha) and substitute lu = uj{Q,z,f) in the 
definition of R. D 

Lemma 4.3 allows to move from the variables in the rhs of (2.14) to a new 
system of variables obtained replacing the functions {u),v) with the (Q, 11). 

Lemma 4.4. The vectorfields A and ^jy- are the same for the two systems of 
coordinates. In particular, in the new system of coordinates we continue to have 

Proof. It is an immediate consequence of -§:gQ{U) — gj)-QiU) = and of 
■^Ilb{U) = -QYT^biU) = in the old coordinate system, and of the chain rule. 

D 
In the new variables, system (4.4) reduces to the pair of systems 



Q = 0, ^^{^,K}, Da^{Da,K}, tla^O fora = l,2,3, (4.6) 

and 

f^{f,K}, z,^{z„K}, i,^{lj,K} for.7 = l,...,m. (4.7) 

Now we restrict to the set with Q = Q(Uo) and Ha = 0. Thanks to Lemma 4.4 
system (4.7) is closed. 

Lemma 4.5. Consider the restriction of the variables (Q,n) at the fixed values 
Q ~ Q(Uo) and Ha = and set g(f) := {Q(f), 11(f)). Then we have the 
expansion 

K = ±{g{f))+K2+n^'^ (4.8) 

where ipis) ** smooth in g and where the following holds. 
(1) We have 

K2= Y. ^,M.m''^'' + l{^3n^of\<yi.f)- (4.9) 

\fj.+u\=2 
A".(^-iy)=0 
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(2) We have TZ!^^^ = ]Z^^^ +n'^^\ with Ui^) ^ 



+ E(^rf(^'^(/))l/')+ / M^.^J{^).Q{I))f'i^)dx + Ep{f). 

with 52(0,0) = and where, both here and in Theorem 12.1 later, by 
f'^{x) we schematically represent d— products of components of f . 

(3) At e(f) = 

^/ii/(0) ~ /"'^ l/i + z/| = 2 with (/i, v) 7^ {5j,6j) for all j, 

«M,(0) == ^j('^o), where Sj ^{Sij,...,5.rnj), (4.11) 

G^,(0)-0V|a* + ^|-1 

These a^^{g) and G {x, g) are smooth in all variables with G^i^{-,q) G 
C°°(M^i7f^■5(M^C2)) for all {K,S). 

U) a^uiz, q) e C°°(U, C) for a small neighborhood U of (0, 0) in C" x M^. 

(5) G^A-,z,q) e C°°(U,i7f'^(R3,C2)), /orU like in (4) and for all {K,S). 

(6) Ba{-,z,g) e C°°(U,i7f^^(R3,B((C2)»'^,C))), for 2 < d < A for U and 
(iiT, S) like above. 

(7) Let ^rj — ((., () for ^ G C. Then for B_^{-, UJ, z, 77, g) we have for all (K, S) 

for any I , W^^l^^^^^^^gBr^iz,!, g)\\H^-'' {M3.BiiC^)s>^,C) ^ Ci{K,S). 

(8) For all indexes and for 6^^ ~ a and B^i, = G^^, we have: 

h^^u = bu^ , Bf^i, = -aiB^^. (4-12) 

(9) Bg depends on f{x) with terms \f{x)\'^ and ip{x)f{x), with (p{x) Schwartz 
functions. 

Proof. By Lemma 4.2 wc get from (4.3), for d{uj) and q{Lu) sec (2.5), 

K{U) = E{^^ +R)+ wQ($^ + R)- d(oja) - {cj - ojo)q{LUo) 

v^ (4.13) 

+ —Q{^^.+R)-Vana{R). 
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Wc have 

Ei<P^ +R)+ ujQ{'i>^ + R)= d{Lo) + ]^{a3H^R\aiR) + n^^\ (4.14) 

with an expansion of the following form: 

\tJ.+v\=i \li+v\=2 

4 r 

+ J2{B^{i^,z)\f)+ / B,ix,u;,zJix))fix)dx + EpiP,iu;)f). 

d=2 -^K^ 

The coefficients in the expansion of TIS^' satisfy appropriate smoothness and 
symmetry properties. When we restrict to Q = Q{Uq), by q{ijj) + Q{R) = q{oJo) 
we get that w — wo = 0(|zp + ||/||2 + ||/|l^-ic,-s)- Notice that we can express the 
function u}{Q, z, /) as a function uj{Q, z, /, ga{,f)), with gaif) ~ Q{.f), such that 
ui{Q,z, f, go) is smooth in the variables z G C™, / G H^^'^^ and Q,ga G R. 

Hence TZ^^' is a sum of terms which can be absorbed in T?,'^) , with dependence 
on g{f) = (0(/),n(/)) reduced at that on Q(/). We have hy d' = q 

d{uj) - d{ujn) - (w - wo)<?(wo) = 2'^"'^'^")*^^ ^ '^"^^ + '''^^ ^ ^o^^" ''^■"^^'' 

So (4.15) can be absorbed in part in i^{g{f)) and part in the rest of expansion 
(4.8). We have ~ 

]-{(T:i'H^R\<JiR) = \{(T:i'H^,R\GiR) 

^ ^ ^ (4.16) 

+ (cj - wo)g(i?) + ^('^sCK. - K.o)^ki^), 

where ^(cra'Hc^o^ki-R) = Ej ^:(('^o)|2jP + l{<^3'H^of\<^if)- In the last line of 
(4.16), the first term is similar to (4.15) and the second can be absorbed in 

H2 + TZ^^h Since we have Vaq{uJo) = 2na(-R), we get that also the second line 
of (4.13) can be decomposed into terms with the properties of the various terms 
in the rhs of (4.8). 

D 



5 A vectorfield needed for Darboux Theorem 

We introduce the 2-forni, summing on repeated indexes, 

no = id-& AdQ + idDa A rfHa + dz, A c?Zj + (/Vso-i/')- (5-1) 

Through a change of variable we will transform the defined (3.1) into the Oq. 
A brief reminder of J.Moser's scheme of proof is in Sect. 7 [Cul] and will not be 
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repeated here. The first step in the implementation of this scheme is the search 
of an appropriate vectorfield A"*, which satisfies an equation stated in Lemma 
5.2. Then we will have (f>*il, ~ Hq, with (j> — (f>^ the Lie transform associated to 
(j)*, the flow of A"*. Existence and differentiability of (p* are not obvious. Lemma 
5.8 will tell us that to get 0* we need information on a quasilinear hyperbolic 
symmetric system mixed to ODE's for the discrete modes. In Lemma 5.8 we will 
establish some properties of the coefficients of the system. Sections 6-8 contain 
material needed to establish existence and differentiability of 0*. Lemma 5.1 is 
similar to Lemma 7.2 [Cul]. 

Lemma 5.1. At the points Toe^'^^^^^'^^^ooo for all (i?, £>, u) e R^ we have 

fta = n. 

Consider the following forms: 

Bo := mq + W^dUa zjdz,-^z,dz, ^ 1 ^^^1^^^^ ^,^ (5.2) 

and B := Bo + r for T = ipdQ + (r)jdzj + (r)jd^j + {{T)f\f'), where 
{ai(T3R\dujR) + iva{xa(TiR\dujR) 



if :-- 



2{q' + d^Q{R)) 



(r), := Lva{xaaiR\^j) - ^d,Q(R) , (r)j := ^Va{xaR\^j) - fdjQ{R), (5.3) 
(F)/ :- P:{cuo) (^^VaP:{u:)<JiXaR^\<J,a^P,{u;)f - ipP:(uj)a,R 

Then dQ^ — JIq and dQ — fi. 

Proof. dBo = r^o follows from the definition of exterior differential. Since \ip\ < 
C{\z\ + ||/||//-K,-s)2 and since Pd(cj)/ = (Pd(w) - Pd{uJo))f is a of order 2 at 
uj = LdQ and / = 0, to get rfP = at i? = and u; = cjq it is enough to show 

d{{xa(7iR\^j)dzj + {xaR\^j)d:zj + {P*{Lu)aiXaR\f')) = at i? = 0. 

But this is true. Formally d (d{xa<7iR\R) — di^{xa(yiR\R)duj) = at i? = 0. 
We prove the formula for B. Set B := ^{aia-^U]. Notice that dB — Q,. We get 

B = i(Tz5e--^®aia3$| + ]:{TDe-'"''^a^a^P,{io)f\ 

1 ^ \ (5.4) 

using (2.14). By Lemmas 2.3 and 2.4, the sum of the last three terms equals 

-Zjrfzj - -'Z;jdzj + -{aia3f\Pc{uj)f') + -{ai(7s,R\d^R)duj 

^ ^ . ^ ^ (5.5) 

- iQ{R)dd - -^{(JiR\xaR)dva - i (n,(i?) - ^-^Q{R)) dDa. 
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Applying ^tdc "^''^cricra to decomposition (2.10) for X = ^, we get 

\ '^ (5.6) 

By (2.19) we have 

- ^{TDe-'^'''a3d^<P\ = ^{RWsdl^) dio-i^{q' + {R\d^<P)) dd 

+ 4 (^9' + {{da + ^'y3Va)R\a3d^<P)] dD a - i^{XaR, d^<P)dVa. 



(5.7) 



Set ^{U) := i(CT3$|i?). We have 



-(cr3$|9c^-R)rfw+ -.„,., ^j, ,„., „,.j, , 2, 



dV- = :^(a3$|9..i?)rfw + 77(a3<i>|e,) (dz, - dz^) + -(P;(c^)a3$|/'). (5.8) 



We have W ftp = ^P* {ujo)P* {oj)a3^. We will use the notation dj :— dz^ and 
dr :~ dzj ■ The sum of the last three terms in the rhs of (5.6) equals 

- dji^dzj - dji}d:zj - (V/i/-!/') - -{PN^(Ht)^^3d^R)d^ 

- ^(■PjV,(W„)*k3i?) dd - '-{PM^(Ji^)'^\XaR)dVa (5.9) 



Then we get 



z 



'tfJiZ'i Z'lCLZ'i J_ 



B = ■' ■'^ ^ ■' + ^{flasa.P^ico)/') - O.^zj 

- djijdz, - (VftPlf) -i(^Q+ ^^9„<f> - ia3PAr,(„^)$|i? ) ) di) 

+ (^i'yiRWsd^R) - ^^5^<J' + lPN^(nz)'^W3d^R) ) dcj (5.IO) 

iHa + /^d^<P - ^PNAn^)'^W3ida + i^3y)i?) ) dD^ 

- ^ (^^{<JiR\xaR) + ^^9^.$ - ^PN,in^)^\xaR} ) dv,. 
By (2.10) have the following two equalities: 



1 ($1$) n 

-P.^,^^,^^'-±ld.<P^^d.^, 

q' 2 a '• i^' 
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(5.11) 



By (5.11) we have various cancelations in (5.10) yielding 

B = '^'^=~J='^'= + i(/|a3aiP.(c.)/') - dV - m^ - inadZ?„ 

^ ^. (5.12) 

1 1 

+ 7:{(^i(^iR\dujR)(h) - -{cFiR\xaR)dva. 

Wc have Jl = d{B + dV') = dB if we define 



B := iMQ + ii?„dn, - ^■'"^^■'" ^ ^^•^^" + i(/|a3aiP,(a.)/') 
+ 2 ((^if^ai^l^^i?) + ii;a((Tii?|a;aa„i?)) rfcj (5.13) 

+ ■::Va{Xa(7lR\^j)dZj + -Va{XaR\^j)dZj + -Va{Xa(7lR\Pc{uj) f) . 

Finally, this B satisfies (5.2)-(5.3) if we consider the formula 

{q' + d^Q{R))dLo = dQ- djQ{R)dz, - djQ{R)dzj - (V/Q(i?)|/') (5.14) 

where V fQ{R) ^ P*{uJo)P*{io)(7iR. D 

In general, given a function F, the following formula defines V fF: 

dF = dqFdQ + dn^FdUa + d^FdQ + do^FdDa 
+ djFdz, + djFdzj + (V/F|/'), 

where P*{ujo)WfF ~ '^fF. We have the following result. 

Lemma 5.2. Let us denote by IAyi the subset of S defined by the inequalities 
\z\ < so, ||/||h-k,-s < £0, \g{f)\ < so (here recall' g{f) := (Q(/), n(/));, 
|w — cjol < eo and \v\ < Eq. Then there exists a number £o > such that 
there exists a unique vectorfield X* : Uy: — > L^ which solves ix*^t — ^T; where 

nt :== no + t{n-no). 

Remark 5.3. In [Cul] the existence of A"* is elementary and standard, due to 
the fact that flo and il are differential forms in L^ very close to each other. 
This is not true any more in our setting, where f2o : S — > i?^(L^,C) and were 
we cannot assume that ilo and fl are close in S. This for the simple reason that 
while the spaces S„ are invariant for our NLS (1.1), see Lemma 7.1 below, for 
n > the S„ norms of the solutions grow in time. One of the main differences 
between [Cul] and this paper lies here. 

Proof. The proof ends after Lemma 5.7. We are considering ix^^o + tix'^dT = 
— F where 

ixilo = KxyadQ + i{X)DjTla - i{X)Qdd - i{X)nJDa 
-{X)jdz, + iX),dzj+{a,asiX)f\f'), ^^ ' 
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{X)§ the i?-th component of X, ete. Set 



7la : = {XaCriR\^j)dZj + {XaR\^j)dZj + {P*{uj)aiXaR\f') , 

W : ~ ipdQ - ipdjQ{R)dzj — ipdjQ{R)dZj 

- if{P:(oj)a,R\f) - 2-i(aia3PdH/|/')- 

Wc have F = ^Va'yia + W and 

dV = -dVa A 7ia + -Vadjia + dW. 

Lemma 5.4. Using definitions (5.21) -(5.24) below, we have: 



dv„ 



-JHa + 2 



{na-na{R))Q- 



g-i9„n„(i?) 



q' + d^Q{R) 



dQ 






(5.16) 



(5.17) 



(5.18) 



_ (5.19) 

q' + dM{R) 

diia = lia A {dQ - {P:(io)aif\,n) + 5^1,. (5.20) 

In the above formulas we have 

7ia : = {xaaiR\£,j)dzj + {xaR\£.j)dJj + {P;(u)xa{z ■ ai^ + J ■ ^\f') ; (5.21) 



^dVa - ( Q-^djUaiR) 



d^na{R)d,Q(R) \ 

q' + d^Q{R) ) 



dz^ 



Q-^chna{R) 



d^Wa{R)(}jQ{R) \ 
q' + d^Q{R) ) 



dJj^ 



(5.22) 



i-u*( \ at c^- ^^ , d,,na{R)P*{uj){z ■ <Ti^ + z ■ ^ ^,^ 
(iP, iu.)a,daiz ■a,( + z-0 + q^ + O^QiR) '^ ^ 

_ du{xaaiR\£,j)dzj + du,{xaR\S,j)d:zj - {du,P^{uj)aiXaR\f') _ 



7ia := 



q' + d^Q{R) 



(5.23) 



dlia = {dkQ{R)dzk + d^Q{R)dzk + {P*Auj){z • ai^ + z • 01./')) A lia- 



(5.24) 



Proof. By (4.5) we get 
2 



du„ 



dn, + 2(n„ - n,(ii'))g-2dg + 2Q-ia,na(ii')dzJ' 



+ 2Q-i^na(i?)dz^' + 2g-^(V/na(i?)|/') + 2Q-^du.I].a{R)diu, 
where V/n„(i?) = iP*(a;o)Pc*(cj)cricr3aai?. Then by (5.14) we get 
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dVa = --dna + 2 



(n„-n„(i?))Q 



_2 , g-i9„n„(i?) 



q' + d^Q{R) 



dQ 



2Q-^ 
2Q-^ 



Q-'djUaiR) 



d^na{R)djQ{R) 

q' + d^Q{R) 
d^Ua{R)djQ{R) 



.^"^""(^^ q' + O^QiR) 



dz^ 



d:z' 



2Q- ( ip;(.)...3a„i? - '-^^^4^^PM^\r 



q' + d^Q{R) 

In particular we get (5.19) and (5.22). (5.21) is immediate from (5.16). (5.23)- 
(5.24) follow by (5.14) from 

d"fla = {du,{XaaiR\S,j)dZj + dc^{xaR\^j)d:zj - {d^P^(uj)<TiXaR\f')) 

dQ - dkQ{R)dzk - dj:Q{R)dzk - (P;(c^)aii?|/') 
q' + d^Q{R) 
= 7ia A {{dQ - {P:{uj)<JiR\f')) + {dkQ{R)dzk - d^Q{R)dzk)). 



Set iff "^ = Pc{luo)H^^'^ and denote 



pK,S ^ JJ6 ^ ^rn ^ jjK,S ^ j, ^ ^0.0^ 



n 



(5.25) 



The following lemma is straightforward. 



Lemma 5.5. For wi^dva, jia, 7ia; we have wi e C^{Us,B{V ^' ^,C)) 
with for fixed C 

W^iWHiv-^.-s^c) < C{\z\ + |l/|l^-K,-s). (5.26) 

For zu2^d^ia we have n72 G C°°{Ut,, B'^ip-^-'^ , C)) with for fixed C 

lk2||B2(p-K,-s,c) < C{\z\ + \\f\\H-K.-sf. (5.27) 

Furthermore, consider the contraction operator X — >■ 1x^2 (ind define Y{X) by 
*Y(x)^o = ix'^2- Then we have an equality of the form, summing on repeated 
index, with finite sums, 



{Y{X)),^Rf{X)\f forj=jJ 



(5.28) 



,(i) 



{Y{X))f = Rk{X)kk 
with Rf',Rk e C°°{Uj:,B{p-^^-^,C)) satisfying 

\\Rf\\Bi,V-'<^-s,C) + WRkUiV-x^-s^C) < C{\z\ + \\f\\H-K.-s), (5.29) 
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with Afe-^ e C°°{U^,C) and Afe e C°°{Ut.,H^'^) satisfying estimates 

\\f\ + IIAfell^K,. < C{\z\ + 11/11^-^,-.). (5.30) 

For E — wi, TD2, R^ , Rk, AjT and Kk, we have E ~ E{Q,U, z, f, Q{f)), where 
E{Q,U,zJ,g) is smooth w.r.t. (g,n) and g eW^, z eC"" and f € H'^-^. 

D 

Lemma 5.6. Set 

Gi := ^{cri(J3R\dujR) , G2a := ^{xa(yiR\duiR) , 

W ~ (djGi + Vad,G2a)dz.j + {djGi + VadjG2a)dz,+ 
(V/Gi + VaVfG2a + 2-'c7ia3d^Pd{Lu)f\f) + G2ad^a , 

djQ{R)dzj + djQiR)dzj + (P*(w)(z • aiC + z • 01/') 



dW -.^-WA 



q' + d^Q{R) 
Then we have 



G2a{dVa - dVa) A 



q' + d^Q{R) 
dQ - djQ{R)dzj - &jQ{R)dzj - {P*{uj)aiR\f') 



(5.31) 



q' + d^Q{R) 

where, for wi = W and W2 — dW , the conclusions of Lemma 5. 5 are satisfied. 
Proof. Substituting (5.14) and using (5.3) we get 

W^iGi+ VaG2a)duj - 2-\cyia:iPd{io) f\f) . (5.32) 

By (5.14) we obtain the following formula, from which we get (5.31): 

dW = {dGl + VadG2a + 2-\aia3d^P4i0)f\f) + G2adVa) A diO 
= (W + G2a{dVa - dVa)) A dui. 

Then substitute (5.14). D 

We reframc the equation for <Y*. 

Lemma 5.7. For Y defined by iy^o = ^T. Then equation ix<:^t = ^^, is 
equivalent to 

{l+tlC)X*^Y (5.33) 

where the operator K satisfies the following properties. 



22 



(1) For the component {ICX)f the following facts hold. 

{JCX)f = Aa{X)daf + a3{Ba{X)Xa + C{X))f + D,{X)^, (5.34) 

where the last is a finite sum with ^i G C°°{U-s, H^'^) with 

\\^,\\HK,s<C{\z\ + \\f\\^^^,^s). (5.35) 

For L = Aa,Ba, C, D„ we have L e C°{Ut:,B{V, C)), see (5.25), with 

L{X) - {Lu^Jia^dbf + L2baiXbf + L^a^fl {X)f) + L{X) (5.36) 

with L e C^{U^,B{V-'^^-^X)), \\L\\b(v-'<~-s,c) < C{\z\ + ||/||^-K,-s) 
and where Ln,, L2b, Lg, are in C°^{IA^,C). 

(2) The Zj-th component {ICX)j is of the form (5.36) with the estimates 

\Lib\ + \L2b\ + \Ls\ + ||Z||b(p-^,-.x) < C{\z\ + ||/||^-x,-s). (5.37) 

(3) For G any of the above Lib, L2b, L^, L, we have G = G{Q, 11, z, /, g{f)), 
where G{Q,Il, z, f, g) is smooth w.r.t. {Q,IV) and g G M^, z € C™ and 

f e H-^^~s 

Proof We have i o fig = —idd by (5.1) and i a il ~ —\dd by Lemmas 4.1 and 
4.4. Similarly i_a_51o = i o U, — —idDa- So in particular i_a_dT = i a dV = 0. 

an„ ana SQ ODa 

Then (r)^ == {V)d^ ^ implies (A'*)q = {X^)ii^ = 0. Then 



ixtdV = - [dva{X^)^ia - -iia{X^)dva + Vaix^d^ia) + ix^dW 

= '-dVa{X') ((P;(c^)aiX„/|/') +7la) - \lla{X') (d^a + dVa - d^a) 
+ ^Valla{X'){dQ - {P:{u)aif\f)) + ^Va{P:{0j)aif\{X')f)^ia 

^^ g' + 9c.g(i?) g' + a.Q(i?) '^+*'^*'*'^ 

, ^ .^ . vtA 7-. vt^^ ^^ - 9jQiR)dz, - djQ{R)dz, - {P*{u;)aiR\f') 

+ G2a{dVa{X'') - dVaiX'^)) ^ 



q' + d^Q{R) 
d,Q{R){X%+djQ{R){X')j+{P:{u)aiR\{X')f) ~ 

So for Q and Ila two 1-forms irrelevant in the sequel (since we are not interested 
about (A"*)^ and (A"*)/)^), after a tedious but elementary computation we have 
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+ ^Vaix^d^ia + ix^dW + {P:{uj)aif\{X')f) I ^Vajla + - ^ 



- W + d^Q{R))-^G2a{dVa{X') - ^a{X')){djQ{R)dZj + djQiR)dzj) 

+ hiX') {P:{Lo)a,f\f') + f^aiX') {P:ico)a^Xaf\f') 
+ f,a{X'){P:{iv)aia3daf\f), 

with by (5.19) 



(5.38) 



Q{q' + d^{R)) \ -^ ^ ^ - "•' g' + a^g(ii-) 
-2G,.a.n„(i?) o(,. + a^Q(i,))2 ^- ^ 

r2a ■■= -^dVa 

^ _7la^„^ 9,0(i?)dZfe+%0(i?)dZfe + (P,*(w)^li?|/') 



Q Qiq' + d^QiR)) 

The operator /C is defined by i/cx^a — ixdV for any X . By (5.15) this imphes 
that 

{JCX)f = f3{X)Pc{iOo)Pc{io)<y3f + f2a{X)P,{LUo)P,{io)a3Xa.f + {n{X)) f 
+ fla{X)Pc{uJo)Pc{io)da.f + {P:{uj)<Jlf\{X)f)a^<J, (^Va{^,a)f + (W) ^ , 

_ (5.40) 

where iji/x)^o '■— ^Vaixd'Jig^ + ixdW and where (71a)/ resp. {W)f are the ana- 
logues of {r)f of the expansion of F under (5.2). They are hke the ^^ of the state- 
ment by Lemma 5.5 resp. 5.6. By Lemma 5.5 we have {TZ{X))f — Rk{X)Ak, 
a sum of the form (5.28) which satisfies (5.29)-(5.30). Claim (1) follows from 
(5.40) after expansions like ^^(^0)^0(^)0-3/ = 0-3/ + (1 - -Pc(wo)^c(w))cr3/, 
where the second term on the right is like a vj/j. 

The terms in (5.38) contributing to {ICX)j are the last two in the first line 
and those in the second and third lines. Then Claim (2) follows from Lemma 
5.5. Claim (3) follows from Lemmas 5.1 and 5.5. D 

We can apply Fredholm alternative to prove existence and uniqueness of a 
solution to (5. 33). We check that (1 + tT)X ~ admits no solution, with T the 
adjoint of /C with respect to fio- T is like /C and satisfies (5.34)-(5.37). We 
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show that X = —tTX does not have nontrivial solutions for |t| < 3 for the eg, 
see the statement of Lemma 5.2, sufficiently small. We prove this by showing 
that there is a fixed constant k such that the following holds: 

{r^x)f = 4")(x)a,/ + a3[i?i")(^)2;a + c(")(x)]/ + D^^\x)^^^ 

(r"X),-zf'(X), (5.41) 

|l(")(X)| < n-\\z\ + \\f\\H--,-s + \g{fW-'\L{X)\, 

for i(") = At\ Bi"\ C("\ L»J"\ zf'K This wiU imply that the solutions of 
X = —tTX arc trivial for keq sufficiently small. We have 

+ {Lu<7i<J3dbf + L2b<JiXbf + L3'Jif\{r"X)f}. 

We have \L{JC'IX)\ < co«;"-i(|;j| + ||/||H-ic,-s + \g{f)\)"\L{X)\ for a fixed con- 
stant Co — cq{L), by induction and Lemma 5.7. Substituting (5.41), the second 
line in (5.42) becomes 

{L,,a,a3dbf + L2b(Tix,f + L3aif\A(^HX)daf + ■■■ + D^^^^X)^,) 
=5ab{L,bB'^^\X) - L2bA(:^\x)) Qif) (5.43) 

+Dl''\x){Luaia3db.f + L2b(TiXbI + £3^1./ 1*»), 
where we used 

{(^l(T?,daf\db!) = (0-l9a/|/) = {a 1(TZX a J \xb.f) = {(Tl(TzXaf\!) 

(5.44) 
- (fTias,/!./) - and 2(aia„/|a;b/) - -(5ab||./||i2. 

The absolute value of the rhs of (5.43) is by induction 

<c,>^-\\z\ + \\f\\H-K^-s + \Q{fW\L{X)\. 

for a fixed constant ci — ci{L). So 

|L("+i)(X)| < K-+\\z\ + ||/!U-K,-s + \g{f)\r\L{X)\ (5.45) 

if the constant n is chosen sufficiently large. The proof of Lemma 5.2 is con- 
cluded. The fact that |L(X)| < C3(|z| + II/IIe)!!-'^ lU^ docs not need to be used. 

D 
The following one is another most important step in the proof. We need 
to show that the fiow of X* corresponds to the flow of a quasilinear hyperbolic 
symmetric system. To study this system, well posedness and regularity with 
respect to the initial data, we need more information on A"*. We remark that 
fjK,s ]-^g^g j^ggQ fixed with any preassigned pair [K^S). We will take both K 
and S very large. 
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Lemma 5.8. For <Y* the vectorfield of Lemma 5.2, we have 

'a. 

(5.46) 



{X')l = C! + V , iX'),^Z, for I e{j,j}, 



C -.^ Aada + {BaXa + C)a3 

where the coefficients satisfy the following properties. 

(1) Aa are real valued functions. Ba and C are imaginary valued. Zj has 
values in C with Zj = Zj. T) has values in H^'^ . 

(2) We have G — G{t, z, f, g{f)) for G = Aa,Ba,C,'D,Z^, for functions 
G(t, z, f, g) smooth in t, z, in f E H^^'^^ and in p. 

(3) We have 

\Aa\<C{K,S){\z\^ + \\f\\l-,.,-S + W)\) , 

\Z\ + \C\ + \\V\\h^^s (5.47) 

< G{K, S)(\z\ + \\f\\H-'<^-s + W)\){\z\ + WIWh-k^-s) . 

(4) We have Ba = -^Va - ^tdVa{X^). 

Proof. Let us start assuming that X^ is of the form (5.46). Let X be a vec- 
tor such that aiX = X. Then r{X) is imaginary. We have i^t{X*,X) = 
— rit(criA'*,X). For i = 1 is straightforward and for i = can be checked us- 
ingLemmas 2.3 and 2.4. Since also Th(X\X) = -T{X) = nt{X\X) we get 
CTiA'* = <¥*. From this discussion we can conclude that Claim (1) holds if (5.46) 
is true. 

Let Y be defined by iy^o = ^T- Then 

i ^ (5.48) 

(Y)f = CradiF/ = --(TsVaXaf + (fiCTsf + Yf , 

with {Y)j and Yf, like G — G{t, z, f, g(f)) in the statement above, smooth in z, 
in / e H^^-^^ and in p and s.t., by (5.3), 

\iYh\ + \\Yf\\H^.s < C{\z\ + \\f\\H-K,-s){\z\ + \\f\\H-x.-s + \g{f)\). (5.49) 
Our first claim is that the following scries converge: 

oo 
n=0 

=: MY)daf + <Js{Ba{Y)xa + C (Y)) f + A(y)*„ (5.50) 

OO 

(A'*), = ^(-i)"r(/c"y),=:%r), 

n=0 
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with, for L = Aa,Ba,C,Di, Zy, 

oo 

L{Y) ^ ^(-i)"ri(")(r), (5.51) 

for L(") ^ a1"\ Bi"\ C("\ L>,'"\ ZJ"^ defined as in (5.41) but witli K. instead 
of T ■ To prove the first claim, notice that by the proof of Lemma 5.7 we can 
conclude that there exists a fixed constant k such that the following analogue 
of (5.45) holds: 

|i(n+l)(y)| < ^n+l(|^| + |1/|1^_,,,_, + |g(/)|)"|L(y)| < 

«"+'(kl + IL/IIh-,-^ + \q{!W[\A^ + ll./ll?,-K,-s + |e(/)|), 

where in the second inequality we exploited (5.48)-(5.49) and Lemma 5.7 which 
yield 

mni<CL(|z|2 + ||/||^-.,-s + |e(/)|). (5.53) 

In the case of i = C, Z, D^ wc have a better estimate: 

\L{Y)\ < Co(|z| + \\f\\H-i<^-s)i\z\ + ||/||ff-^,-s + \gif)\). (5.54) 

This yields the first claim, proves that A"* is of the form of (5.46) and that (5.47) 
holds. A second claim is that 

n 

where we have what follows. 

(i) The sums on a and r are over all maps ct : Z„ ^- /2 and r : Z„ ^ J3 
with Ij, for j = 1,2,3, three finite sets described below. For ii E /i are 
functions (a, r) — > e^j^ (cr, r) with values in {0, 1}. 

(ii) Qi(>0 varies in all possible ways among {criasdaflY), {aiXaf\Y), {(Jif\Y) 
and L{Y), for L = Aa, Ba, C, Di, [K. )j. We denote by /i the set of these 
functions. 

(iii) ii2 varies among Lk,, L2&, ^3, for L = Aa, Ba,C,Di,{IC )j. We denote 
by /2 the set of these functions. 

(iv) Wi^ varies among 1, ||/||i,Jcri(T3aa/|*i), (criXa/l^i), (cri/|*i), £(*»), 
L(*,), Hdaf), Ha^Xaf), Hasf) for L = A,B„C, A, (/C )j. We de- 
note by I3 the set of these functions. 

The second claim is true for n = since by (5.36) 

L{Y) = LuiaiasdbflY) + L2b{cTiXbf\Y) + L^{aif\Y) + L{Y). 
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In this case zui^ = 1. Suppose that the second claim holds for n — 1. For 
dcfinitcness we will look at the case of Aa {Y) ■ Wc have 

_4(n+l)(y) = Aa{JC"Y) + {Aa)lb{'yi'J3dhf\{JC''Y)f} 
+ {Aa)2b{'JlXbf\{JC^Y)f} + (A)3(^l/|(/C"r)/). 

For definiteness let us look at the last term on the first line. Then, substituting 

(/c"y)/ = Ai"\Y)daf + aM"\Y)xa + c(")(r)]/ + i?f' (r)*, 

and using the induction hypothesis, we obtain the desired result. By proceeding 
in the same way in all the other cases we get the second claim. 

What is left in the proof of Lemma 5.8 is the regularity in Claim (2). The 
functions in (i)-(iv) are like the G{t, z, /, g) in the statement of Claim (2). But 
then Claim (2) follows by the elementary fact that, if fo,...,/^ are smooth scalar 
functions, if a varies in the set 3^(Z„,ZAr) of all the maps Z„ — > Z^r and we 
consider arbitrary maps e„ : S^(Z„, Z^r) — > {0, 1}, then there exists a fixed S > 
such that if |/j|oo < ^ for all j, then the following series converges to a smooth 
function: 

oo n 

E E e^{'^)l[f-U)- (5-56) 

n=0o-e3-(Z„,Zjv) j=0 

We sketch a proof assuming that the fj are functions of one scalar variable. It 
is enough to show that the series obtained differentiating term by term in (5.56) 
are totally convergent. This is immediate for the 0-th derivative. The k-th 
derivative yields, for |^| = ^ |/x(j)|, a series of the form 

oo n 

^A„withA„= ^ s«(^)n /<!(])"• (5.57) 

"=o <Te5(z„,Zjv) 3=0 

M65'(Zn,Zfc) s.t. ImI = k 

Then we have the bound 



|A„| < (7V + l)"+i(n + l)'=sup^ J] /^^jf I s.t. (a,M) as in (5.57) 

[ 3=0 

<{N + l)"+i(n + l)fe5"-fe sup ||/,||^.,oe. 

3 

So \A„\ < S'^+^-'^iN + l)"+i(n + 1)'=C^ for Ck ^ sup^- WfjWw".--- Then for 
{N + 1)5q < 1 and for S E (0, Sq) the series (5.57) is convergent for any k. 

D 

Having established the existence and a number of properties of A"*, in Sect. 

6 we prove in an abstract set up a number of results on vectorfields. After a 

preliminary section on the spaces E^, in Sect. 8 we check that it is possible to 

apply the theory in Sect. 6 to appropriate generalizations of X*. 
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6 Some results on abstract ODE's 

We collect a number of results needed for Darboux Theorem and the method 
of normal forms. We will consider a system 

x = f(t,x), x{'d)=x. (6.1) 

We assume the following set up. 

(1) We consider five separable Hilbert spaces E^ with i = 0,4 s.t. E^ C E^+i 
for « < 4, Ej is dense in E^+i and the immersion j'*^ of E^ in E^+i is 
compact. We denote by ( , )i resp. || \\i the inner product resp. the norm 

inEj. 

(2) We assume the existence of {j^ : e > 0} C i3(Ei+i,Ei) for 2 = 0, ..., 3 s.t.: 
Ilje o .?^*''||B(E,,Ei) < C for fixed C for aU e > 0; lim<,x^o.?^*'' ° je = Ie.+i in 
B(E,+i,E,+i); lim,^oJe o j« = He. in B(E„E,). 

(3) Let *Bi be the neighborhood of G E^ defined by ||a;|]4 < cq, for some fixed 
Co > 0. Then / e C"((-3,3) x »j,E,+i) for a n > 1. 

(4) The following inequalities hold for a positive constant C(A) which is in- 
creasing functions of A: 



\\.nt,x)\U+i<C{\\x\U)\\x\U; (6.2) 

|(jj(t,x),x),| < C(||a;||4)||x||2 Ve G (0,1) and z; (6.3) 
\{d^jef{t,x){u,v),v)^+i\ < C{\\x\\i)\\u\\j^,-i\\vfi^^ 

Vl</c<n, e>0,i = 0, ..., 3 and i; e E^. (6.4) 

The main results of this section are the three Proposition 6.1 and 6.2. 

Proposition 6.1. 3 a neighborhood U of in *Bo C Eq s.t. V x e 14 system 
(6.1) has exactly one solution x(t) G nf^]^C*^"'^([— 2, 2],Ej). U can be chosen to 
be defined by \\x\\4 < Eq. For eo > .small enough we have for a fixed C 

I|2;||l~([-2,2],Eo) < C'Ikllo, l|a;||wi.~([-2,2],Ei) < C'Ikllo, , . 

I|2;||l~([-2,2],e4) < C'lklk- 

Furthermore, denoting by </)* the flow associated to (6.1), we have (j)*{x) € 
C([-2,2],C"(W,E2)). 

We will use also a second version of the above result. 

Proposition 6.2. Assume that hypotheses (l)-(4) hold, but only with four 
spaces Ei with z = 0, 3 and with \\ II3 replacing the \\ II4 norm. Then there exists 
an Sq > such that if U is the subset o/Eq defined by \\x\\g, < Sq, system (6.1) 
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has exactly one solution x{t) G nf^j^C" "'^([— 2, 2],Ei). The following inequalities 
hold for a fixed C 

l|a;||L~([-2,2],Eo) < C'klio, lla;|Ui.~([-2,2],Ei) < C'kllo, ,g g, 

I|2;||l~([-2,2],e3) < C\\xh- 

Furthermore, if we denote by (/)* the flow associated to (6.1), then dl(j)*{x) £ 
C(h2,2],C"(Z^,E2+,))/ori = 0,l. 

Proof. The proof is the same of that of Proposition 6.1 with one minor mod- 
ification. That is, in Lemma 6.3 below, set X = E3 instead of X = E4. The 
corresponding inequahties and their proofs are exactly the same. D 

Proof of Proposition 6.1. The proof tailored on standard arguments, see [Ta] 
after p. 360, but in the absence of an obvious reference we review it. 

We consider systems 

Xe= jefit,Xe), X^ (0) = X. (6.7) 

Wc have the following lemma. 

Lemma 6.3. There is eo > s.t., y x G Eq with \\x\\4 < sq, system (6.7) has 
exactly one solution x^{t) G C^([— 2, 2],Eo). In particular there is a fixed C s.t. 
for all e G (0, 1) 

l|2;£||L~([-2,2],Eo)nWi.~([-2,2],Ei) < C'||x||o, 

II II ^ ^11 II ^^-^l 

IF£||l°o([-2,2],E4) < ^-'II^IU- 

Proof. By hypothesis have \\j^d^f{t,x)\\Q < C(e,x) for all k = 0,...,n and 
x G Sp. This implies that for x G *Bo the conclusions of Lemma 6.3 hold in 
some interval {—ae{x),ae{x)). We want to show that ae{x) > 2 if \\x\\x < £o for 
£o > small enough, where X = ¥,4. We consider by (6.3) 



"^ II l|2 



2\ijJ{t,x,),xM<^C{\\x,\\x)\\x 



2 

ello- 



By GronwaU we get \\xe\\o < el*l'^(^)||x||o as long as |jxe||x < 1 in [-|t|, \t\]. We 
claim that the latter holds for \t\ < ^^c°i)" ■ By (6.3) we have 

|||x,|!| = 2ijJit,x,),x,)x < 2Ci\\x,\\x)\\x,rx- 

For £0 small enough, using GronwaU we obtain (6.8) and |i| > 2. By equation 
(6.7) and by (6.2) we have ||xe||i < C"||x||o for some fixed C". So Lemma 6.3 is 
proved. D 

We now exploit Lemma 6.3 to prove the first part of Proposition 6.1 esti- 
mates (6.5). The argument is routine. Given a sequence Ci, \ then {xe^} 
admits a subsequence convergent in C([— 2,2],Ei) by Ascoli Arzela. We can 
assume it is the whole sequence. We denote by x{t) the limit. Since we have 
necessarily Xe,^ — > x in C([— 2,2],Ej) for j > 1, (6.8) yields the third inequality 
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in (6.5). Notice that x{t) is the weak hmit of Xe^{t) in Eg for any \t\ < 2. By 
Fathou this yields the first inequality in (6.5). We have f{t,x^^) -^ f{t,x) in 
C([-2,2],E2). We claim we have jejit.x^j) -^ f{t,x) in C([-2, 2],E2). In- 
deed, by liniex^o J£ = J in B(Ei,E2) and by ||/(i,x<:J||Ei < C||x||eo, it follows 
that in E2 and uniformly in i e [—2, 2], we have 

jeJit,X,J = (j.„ -j7(i,a:eJ+/l)/(t,X,J ^ fit,x). 

This implies x E C([— 2, 2], E2) where is the limit of Xg,^ and satisfies the equation 
(6.1). By Fathou as before this yields the second inequality in (6.5). Suppose 
y G nf^iC*-i([-2, 2],E0 is a solution of (6.1). Then by (6.4) for A: = 1 we have 
for 5x = y — X 



d\\Sx[ ^ '•^ 

df 



-2/ {d,f{t,{l-T)x + Ty)Sx,Sx)2<C{\\x\\,,\\y\U)\\Sx\\l (6.9) 




Notice indeed that, by lime\_,oie = J*-*' in B{Ei,Ei+i), (6.4) implies 

\{d^J{t,x){u,v),vU,\ < C{\\x\U)\\u\\^.-i\\v\\l,. (6.10) 

By Gronwall, (6.9) implies x = y. This concludes the proof of the first part of 
Prop. 6.1 and of (6.5). 

We now turn to the proof of the last sentence of Prop. 6.1. U will be the 
neighborhood of in Eq defined by ||a;||4 < Eq. We have proved that (/'*(x) = 
\ime\^o (j)l{x) in C([— 2, 2],Ei), with (/>* the flow associated to (6.7). We have 
^*(x)eC"(h2,2] xW,Eo). 

Lemma 6.4. </)* e C(W,Ei) for all t e [-2,2]. 

Proof. Given x,y E U set 6(l>e — fplix) — 'Pliv)- By (6.4) and the first part of 
Proposition 6.1 

j^\\S<Pe\\l = 2(j,(/(i,0*(x)) - /(f,^*(y))),J^,)i < C\\S<f>,\\l 

This implies \\(pl{x) - <j>l{y)\\i < C"||x -y||i for a fixed C". For e \ this yields 
for fixed C" 

U\3L)-cl^'{y)\\i<C'\\x-yh<C"\\x-y\\,. (6.11) 

D 

Lemma 6.5. We have ||9^0*(y)||B;(E„,Ei) + l|5*5^</'*(y)llB'(Eo,E2) ^ C for a fixed 
C and for all 1 < I < n, y E U and e G (0, 1). 

Proof. Wc have 

dtdycl,l{y)^j,d^fit,^liy))dy4iy), dycf^M = a- (6.12) 
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For I > 1 wc have dy(jP^{y) — and, succinctly, 

I /I (6 13) 

fc=2 \a\=l 



with \a\ — ^ Q!j and a\ — J^ aj! and Sym an appropriate symmetrization, see 



[N] p.7. Fix V e Eq. By (6.4) and for dy<i>\ := dy<j){{y), 



J^WdyjlvWl = 2(j,a^/(t, 0*)a,0*i;, dyjlv), < C\\dyjlv\\l (6.14) 

Since C is independent of w, we obtain ||9j,(/)*(j/)||b(Eq g^) < Ci for some fixed 
Ci by Gronwall. We assume ||9^</'*(j/)||Bfc(Eo,Ei) < C for /c < Z by induction. 
Let K{t,e,y) be the second hnc of (6.13). Then ||-fi'(i, e, J/)||_Bi(Eo,Ei) < C* by 
induction. Fix w G Eq. Then, proceeding as for I — 1 we get 

|ll4'^*(y)Hli<C||4</)*(y)«||i+q|X(t,6,y)«||i. (6.15) 

By Gronwah we get \\dy)l{y)v\\i < C/||u||Ei^ and so ||9^(/'*(y)«llBHEo.Ei) < C"/ 
since the constants C in (6.15) and C/ do not depend on v. By equations 
(6.12)-(6.13) we obtain \\dtdy>l{y)v\\BiiE„,E,) < C[. ' U 

The natural embedding i3'(Ei,Ej+i) ^-)- i3'(Ei,Ei+2) is compact. This im- 
plies that for any fixed y and any sequence Cjy \ there is a subsequence 
5yC(y) convergent in C([-2, 2], B'(Eo,E2)) to a g^^Ht,y). dtg^^Ht,y) exists 
by (6.12), with dtdy4>\^{y) convergent to it in C([-2, 2], B(Eo,E3)) and with 

dtg^'\t,y)^d4,.f{t,(^\y))g'-^\t,y), g^'\Q,y) ^ t. (6.16) 

Suppose that g\ {t,y) and ^2 {^^11) a-rc two such solutions of (6.16). Fix f e Eq 
and set 6g{t,y) = g[^\t,y) - .g^^'(t,y). Then 

||155(i,y)«ll3 = 2(90/(i,0*(y))55(t,y)t','55(t,y)^')3 < C\\Sgit,y)v\\l 

by (6.4) and the first part of Proposition 6.1. This implies 5g{t, y)v — and so 
g\ {t,y) — 32 v-iV)- For / > 1, by induction and a similar argument, we get a 
function gW(i,y) e C([-2,2], B'(Eo,E2)) satisfying 5(')(0,y) = and such that 
dtg^'Ht,y) € C([-2,2],B'(Eo,E3)) satisfies 

dtg^'Ht,y)^d^f{t,<p\y))g('\t,y)+ 

Sym^ E J^d'^fit^€{y))^9^"'Ht,y)...g^-''\t,y), ^^'^^^ 

k=2 \a\=l 
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where in the second line we have only g^^^ {t, y) with d. <l, which can be assumed 
uniquely defined by induction. By repeating the previous argument we get 
uniqueness also for k — I. 



Lemma 6.6. For any t the map : W — > E2 is Frechet differ entiahle with 
dyf{y) ^g(^){t,y). Wehavedldyf e C([-2,2] x W, S(Eo,E,+2)) /or i = 0,1. 

Proof. For fixed x_,y <eU set Sx = y — x and S(j) ~ 0*(y) — 4'^{x)- Then 



Then, for 5^-'^) = (/'-"'^■'(tjx), we have 

+ f {dlf{t,{l-T)cj,\x) + T^'{y)){5cj,f,d^-g^'^6x)2dT. 
Jo 

The last hue is less than C||(50||i||(50 — 3'"^-''5x||2. Hence by (6.11) 

^JH- 9^'^Sxh < C\\5<f' - 9^''>Sxh + C\M\l 
at 

< C\\5(f> - g'^^'>Sx\\2 + Ci\\Sx\\l. 

This yields WScj) — g*-^'<5a;||2 = o(||fe||o). Hence 0* : Z^ ^ E2 is Frechet differen- 
tiablewitha3,0*(y) =gW{t,y). Set ^g^^) = g^^Ht,y)-9^^\t,x). Set Sx = y-x 
like above. Then 

dtSg'^'^ = 9^/(i,^*(y)).g(i)(i,y) - d^f{t,^'{x))g('\t,x). 

Then for fixed u G Eo 

j^WSg^Ml = 2{d^f{t,cf,\xW^v,6g^'^v)2 
+ 2((a^/(t, 0*(y)) - d^fit, ^\x))g^'\t,y)v, dg^'K^. 
By (6.10), for a fixed C we have 

j^\\Sg^M2<CW^vh + C\\S2L\\o\\v\\o- 

Hence ||.g(i)(t,y) - g^^Ht,2l)\\B(Eo,E,) < C'Hy- x||o for a fixed C". This and 
9^^Kt,x) e C([-2,2],B(Eo,E2))foralla;imply5(i) G C([-2, 2] xZ^, B(Eo,E2)). 
We obtain dtg^^^ G C([-2,2] x W,B(Eo,E3)) by (6.16). D 

Lemma 6.7. d\7^(f)^ : W ^ E2 is Frechet differentiable for any t and I < I < n 
with dl(j)\y) =~g(')(i,y). We have dldl^cf)* G C([-2,2] x W, B'(Eo,E,+2)) for 

i = 0, r. 
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Proof. Case / = 1 is proved in Lemma 6.6. Consider I > 1. By induction we can 
assume: (f>*{x) admits Frechet derivatives of order k < I; d^(j)*{x) — g^''\t,x); 

dlg'^^^ e C([-2,2]xW,B*=(Eo,E,+2)) fori = 0,1. Fiic now x,y€U and v eE[^\ 
Set 5x = y-x, .gC) =g'^^Ht,x) and Sg^^-^^ ^ g'^^^^Kt^v) - g^^^^\t,x). Then 



dt[5g^^^^^v - g^^Hv,5x)] = d4>J{t,(f)\x))[5g'^^-^^v - g'^^\v,5x)] 

+ id^f{t,<p\y)) - a^/(i,^*fe)))a^-V*(y) • v + F{^)]Zl ■ V 

' 71 

- Sym^ ^ a^/(i,0*(ai))-a|^0*(x)...a|'=0*(x) • {v,Sx), 

k=2 \a\=l 

where \a\ — J2i=i '^ji Q^' — Ili^i ^^j- ^^'^ where 



(6.18) 



fc=2|a|=i^l 



Notice that \aj\ < I - I (resp. |aj| < Z - 2) for all j in (6.18) (rcsp. (6.19)). 
The last two lines in (6.18) can be written as 

nz)\TJi ■ V + o{Sx) + dlfit, 0*(x))(a.0*(x)fe) a^-V*(£) • V 

- Sym^ Y. 50/(i.'/'*fe))^5|^0*(x)...9|'=0*(x) • {v,5x), ^^'^^^ 

k=2\a\=l 

where ||o(fa)||2 = ||w||]gi-io(||(5a;||o). The last term in the first line cancels with 
a corresponding one in the second. What remain in the last line (6.20) is 
— {F'{x)Sx) ■ V, where we know by induction that F(z) is Frechet differentiable. 
Hence all (6.20) is o{Sx). Then by (6.4) and Gronwall we get 

ll^g('-l) _ g«(i,x)fe||B<-i(E„,E.) - o{\\Sx\\o). 

So g('-i)(i, •) : Z^ ^ E2 is Frechet differentiable and da;g''''^^^{t,x) = g'-^Ht,x). 
By the usual argument one shows that \\g^^\t,y) — 5^'n^i-£)llB'(Eo,E2) — ^'\\y~ 
x\\o for a fixed C". This and g^^\t,x) € C([-2, 2],B'(Eo,E2)') for fixed x 
imply that gC) G C([-2,2] x Z^, B'(Eo, E2)). We obtain dtg^^'> G C([-2,2] x 
Z^,B'(Eo,E3))by (6.17). 

D 
The last statement of Proposition 6.1 is proved. 

D 
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7 Some facts on the spaces S/ 

We need some preliminary information on the space S^ defined by the norm 
(1.8). Consider the space E^ with norm 



\U\\%:^\\UrH.+ J2 U''U\\h< 



oo. 



(7.1) 

\a\<i 

Lemma 7.1. We have T,i = S^. E^ is preserved by the flow of (2.6). 

Proof. The second statement foUows from the first by the fact that E^ is pre- 
served by the flow of (2.6), see [MS]. 

The fact that S^ C E„ follows from Proposition 2 [MS] . Wc prove E^ D E<> 
by induction. Set Ta := ida + ixa- We have T*Ta = -d^ + x^ - 1. Then 

nil, « \mh + ((-A + \x\')U\U) « \\U\\l, (7.2) 

by the fact that ((— A + l)t/|[/) defines H^. So Ei = E'j^. Suppose by induction 
Ef_i == E^_i. Let |a| = £ - 1. Then 



\d^U\\l, < \\d^U\\h + ((-A + \x\')d^U\d^U) « \\d:U\\ 

3 

+ ^ll(ia, + ia;„)a:t/||i. <||a,"L/||i. 



2 



a=l 
3 



(7.3) 



a— 1 a— 1 

by induction and by X]a=i llfi^a + ia^a, 9"]f7||i2 < ||u||jLfj!-i. For the same a, 
using the Fourier transform we see that (7.3) implies also 

a=l 

Then (7.3)-(7.4) imply ||C/||s^ < ||C/||s, and so ^e C E^. Since we know already 
Ef I) E^, they are equal. D 

Definition 7.2. For any positive integer £ we denote by S_£ the space formed 
by the V such that the map U —>■ {U\V) is in _B(E^, C). We we also set Eo := L^. 

Definition 7.2 yields a natural Banach structure on E_£. Notice that we 
have found two distinct but equivalent norms in E^. A third one comes from 
Claim (4) in Lemma 7.3. In the subsequent proofs we will pick in the proofs 
from time to time the norms which are most convenient, the statements being 
unsensible to the particular choice. There will also be a corresponding implicit 
choice of inner products. 

Lemma 7.3. Set h = —A + |a;|^. The following facts hold. 
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(1) The map [h + 1)^ : E^ — > E_£ is an isomorphism between E^ and E_£ for 
any ^ e N. 

(2) ||L/||s, «||(/t + l)5C/||i2 /or any^eZ. 

(^5^ The map (/i + 1)2 : E^ — > E£_j is an isomorphism for any {i,j) G Z^. 

f^j T/ie map (/i + 1)2 : E^ — > E£_j is an isomorphism for any {£,j) G K^ if 
we define Ef for ^ G M setting ||f7||s^ := ||(/i + l)^ C/||^2. 

Proof. The proof of (1) is an easy consequence of T^^Tq = — 9^ + x^ — 1 and 
[TajTjj*] = 2(5af, and is skipped. Proofs of the other claims are elementary. 

D 
We will consider the following moUifier: 

Je = (l-£A + e|.Tp)-i fore>0. (7.5) 

Lemma 7.4. Let s > 0. the following facts hold. 

(1) Denote by j : E^ — > E^-g the natural embedding. Then linig^o Ji — j in 

(2) We have jf : E^ ^ E^+, with || j| ||b(e,.s,+,) < Ce'^. 
Proof. Set h = —A + |.Tp. For any f7 G E^ there is a fixed C s.t. 



11(1 - Jl)uu,_^ = \\{h + 1)^(1 - j<?);7|| 



L2 



^Wih + l)"^ il- (l- ^^^\UU. <Ce\\{h + l)iuU.. 

So Ji — j = 0{e) in _B(E£,E^_s). The second claim follows by the Spectral 
Theorem and (1 + r)^" (1 + er)^ 2 < e^2 (1 + r) 2 for any r > 0. D 

Lemma 7.5. For any £ E Z we have Xa, da G -B(E£, ^e-i) 

Proof. For i? > 0, / G E^ and \a\ < £ — 1 we have 

\\{id + ixrda.f\\L'^<\\da{id + ixrf\\L2+\\[{id + ixr,da].f\\L'^<C\\f\\j:„ 

where we are using (7.3) and the fact that [{id + ix)" , da] is a linear combination 
of (ii9+ia;)'^ with |/3| = |a| — 1. The case with Xa is seen to be equivalent, through 
the Fourier transform. The case with ^ < follows by duality. D 

Lemma 7.6. There is a fixed C > s.t. V e G (0, 1) for T = Xa, da and V £ G Z 
we have e{\\TJe\\B{T.iXi) + ll^e7'llB(Ef,s«)) < C. 

Proof. By Lemma 7.4 and Lemma 7.5, for T — Xa,da we have e|| JeT/Hsf < 
C|lT/||s,_, < C'll/lls.. Similarly e||rjj||s, < Ce\\JJU,^, < C'\\fh,. D 
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Lemma 7.7. For any ^ G Z and n G N there is a fixed C > s.t. V e G (0, 1) 
we have \\[T,J"]\\B(j:2f,J22e) < ^ ™i^ ^ == Xa, da- 
Proof. We have [da, J"] = -ieh+l)-"[da, {eh+iy]{eh+l)-'\ It is elementary 
that this is a sum of terms —2e{eh + l)-'~"xa(e/i + 1)*^^" with j + k = n — 1. 
Then for ^ > 

\\e{eh + ly-'^xaieh + 1)'^-"/|1e, < C\\eXa{eh + l)'=-"/|ls, 

<Ci||6(6/. + l)'^-"/||s,+, <C2||(6/i + l)'=-"+\/||s, <a3||/lls,. 

The other estimates can be proved similarly. The case ^ < follows by duality. 

D 

Lemma 7.8. For any n G N there is a fixed C > s.t. V e G (0, 1) we have 

\\[T,JmB(H\m) <C WlthT = Xa,da. 

Proof. We know that ||[r, J^"] 115(^2^^2) < C from Lemma 7.7 for £ ^ 0. Pro- 
ceeding as above we need to show that terms like the following ones are in 
B{H\L^y. 

edb{eh + ly^'xaieh + 1)'=-" = e[db, {eh + l)^-"]x„(e/i + 1)'="" 
+ 6abe{eh + l)-"-i + e{eh + l)-'-"^;^^,,, {eh + 1)'=-"] 
+ e{eh + iy-'^Xa{eh + ly-^db. 

All the terms in the rhs except for the last one are in B{L'^,L'^) with norm 
bounded uniformly in e.For the last one the same holds in B{H^, L^). D 

Lemma 7.9. Let £ G Z and /et n G N such that n + £ > 1. Then there are fixed 
constants Ci and C such that for T ^ da,Xa 

|(/, jrr/)E.J < c||/|||^, , |(/, j^r/)Hi| < \\.f\\l.. (7.6) 

Proof Set h = -A + jxp and X ^ Y.2e, H^. 

{{eh + ly^-daf, .f)x - {[{eh + 1)-", da]f, {eh + l)-"/)x 
+ (a„(e/^ + l)-"/,(e/^ + l)-"/)x. 
We have 

[{[{eh + l)-'^,da]f,{eh + l)-'^f)x[<[\.f[\x[\[{eh + l)-^,dam\x<C[\f[\l 

(7.8) 
by Lemmas 7.7 and 7.8. We have for i? G Z 

{da{eh + l)-^f,{eh + l)-^f)^,, 
= {{h + iyda{eh + 1)-"/, {h + l)'{eh + 1)-"/)l^ 
= {[{h + 1)^ da]{eh + 1)-"/, {h + lY{eh + 1)-"/)l2, 

where we exploited {dag,g)L^ = {o'3Xag,g)L'^ ^ ior g ~ aig. The rhs is in 
absolute value less than ||/ HI . The proof for the case X — H^ is simpler. D 
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8 Quasilinear systems 

We will apply the theory developed in Sect. 6 in two distinct forms to quasilinear 
systems 

■^ ■' ' (8.1) 

with £, T) and Z satisfying hypotheses which we will state below. 

8.1 First type of system 

We consider 4ni = 4no — i4n > n + 1 3> 1 with i ~ 0,1,2,3. We denote 
Ej ^ C™ X Pc(wo)S4„, with i ^ 0,1,2,3. Set also E4 == C™ x Pc(ujq)H^ and 
je — Jj^". We assume: 

(Al) Aa are real valued functions. Ba and C are imaginary valued. Zj has 
values in C with Zt = Z j. 

(A2) V has values in E4„„ For G = Aa,Ba,C,V, Zj we have G = G{t, z, / , £.(/)) 
where G'(i, 2;, /, gi) is C" in i, z, in / G S-4no and in p. 

(A3) We have 

\Aa\ + \Z\ + \C\ + \\V\\^^^^ 

<C(|z| + ||/b_.„„+|e(,/)|)(kl + ||/||E_.„„). 

(A4) We have either Ba = -^Va - ^tdvaiX*-) for a == 1, 2, 3 or S„ = 0. 

The coefficients of Lemma 5.8 satisfy (A1)-(A4) for any choice of n and no, 
by our freedom of choice of space H^-^ and by the fact that H^'^ C S4„j, for 
K > 4no and 5 > 4no. We have: 

Proposition 8.1. The following facts hold. 

(1) 3 a neighborhood U of Cz E,q defined by \z\ < So and ||./||hi < So, 
s.t. y {z, f) G U system (6.1) has exactly one solution {z(t), f{t)) G 

nLi(C*-^a-2,2],E,)nw^'-i'-(h2,2],E,_i)). 

(2) Call </)* the flow of (8.1). T/ien 9*0* e C*([-2, 2], C"(W,E2+0) /or i = 
0,1. 

(3) For (z*,/*) = '/)*(z,/) we /laue 

II^1l~(-2,2) + ||/lL»([-2,2],i/i) < C(|Z| + II/IIhO , 
ll/lL»(h2,2],E.„„)<C7(|z| + ||/||s,„J. 
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Proof. We will need to check that we are in the framework and the hypotheses 
of Sect. 6. Proposition 8.1 is a consequence of Proposition 6.1 if we can prove 
the hypotheses (l)-(4) in Sect. 6. Specifically we need to prove the inequalities 
in (4) Sect. 6. By Hypotheses (A3)-(A4) and by Lemma 7.5 we see immediately 
that the analogue of (6.2) is satisfied. (6.3) is a consequence of the following 
lemma. 

Lemma 8.2. For a fixed constant C and for C|2|_|_|^(/)| an increasing positive 
function in \z\ + | £»(/)!, we have: 

\Z-z\< C\z\i\z\ + ||/b_,„„ + |e(/)|)(kl + ||/||e_.„J, 
|(/,2?)e.„, I < C||/b,„,(kl + ||/||e_.„„ + \g{fm\z\ + ||/b_.„J , 
\if,V)H^\ < C\\fh.i\z\ + ||/b_,„„ + \gifm\z\ + Wfh-.J, 

|(/,jr/:/)s,„J<q.|+|,(/)|||/|||,„^, 
|(/,jr£/)^.|<q,i+i,(^)ill/||l,,. 

Proof. The first three inequalities follow immediately from (A2)-(A3). The last 
two inequalities are an immediate consequence of the following two inequalities 
for T == 1, da, Xa for any a = 1, 2, 3: there is a fixed C s.t. 

I(.f,^rf/)s,„j<q|/|||,„^, \{f,Jf'ff)HA<c\\ffH^. (8.4) 

(8.4) follows from Lemma 7.9. 

D 
Finally, to finish with the proof of Proposition 6.1 we need to prove that 
(6.4) is true. But like for (6.3) this too is an easy consequence of (A2)-(A4) and 
of Lemma 7.9. Hence Proposition 8.1 is proved. 

D 

8.2 Second type of system 

Before setting up the system we notice that for solutions of (8.1) satisfying 
(A1)-(A4) we have 

j^Q{f) = {oif\f) = {o,f\v), 

-^H„(/) = i(aia3a„/|/) = iBi{a^n:,daf\a:,x^f) + i{<J,<7:,daf\V) (^'^^ 

at 

^2iQ{f)Ba-i{<Jl<J3f\daV). 

We set go{f) := Q{f) and £»„(./) '■— !!„(/). We consider the system 

Po = (o-i./|2?) , ga = 2igoBa-i{cria3f\da'D), 

(8.6) 
f = Cf + V , z^Z. 

We denote E^ = K'' x C" x Pc(oJo)^-4ns^, with i = 0, 1, 2, 3. We assume: 
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(Bl) same as (Al); 

(B2) T) has values in S4„3. For G = ylaj'BajC,!?, Zj we have G = G{t, z, f, g) 
where G(i, z, /, g) is C" in t, z, in / G S-4rio and in p; 

(B3) we have 



(8.7) 



\Z\ + \C\ + \\V\\^^^^ < G{\z\ + ||/||s_,„„ + \g\){\z\ + |l/b_.„j; 

(B4) we have either \Ba\ < G\g\ for a = 1, 2, 3 or 6a = 0. 

Notice that, starting from E = AajBajC,!), Zj, with E = E{t, z, f, g{f)) which 
satisfy hypotheses (A1)-(A4) in Subsect. 8.1 and substituting g{f) with an 
external parameter g, we obtain functions satisfying (B1)-(B4). 
We have: 

Proposition 8.3. The following facts hold. 

(1) 3 a neighborhood U of G Eq defined by \g\ + \z\ < Sq and ||/|ls_4„ < Sq, 
s.t. y (z, f) G U system (6.1) has exactly one solution (g{t), z{t), f{t)) G 
n?^i(C^-~([-2,2],E,)nTy^-i'°°(h2,2],E,+i)). 

(2) Call $* the flow of (8.6). Then dl<^\y) G C([-2, 2], C"(W,E2+0) for 
i = 0, 1. 

(3) Set (zt, ft, gt) '■— ^'(z, /, g). Then we have for i ~ 0,3 

\\{z\ ||/1s_.„,, g*)||L~(-2,2) < C{\z\ + ||/||s_,„, + \g\). (8.8) 

(4) Call (/)* the flow of (8.1) satisfying (A1)-(A4) and suppose that (8.6) 
is the corresponding system substituting g{f) with an external parame- 
ter g. When f G H^ and for (z*, f^) :— <l)*{z, f), we have ^*{g{f), z, f) = 

{Q{f),z\.n- 

Proof. Like in Subsect. 8.1 we can reduce to material in Sect. 6. Specifically, 
by the arguments of Subsect. 8.1 we can apply Proposition 6.2. This yields the 
Claims (l)-(3). Claim (4) follows from (8.5) and the uniqueness of solutions in 
(8.6). 

D 

8.3 Structure of the Lie transform 

Consider system (8.1) such that (A1)-(A4) hold. Consider the corresponding 
system (8.6) satisfying (B1)-(B4). We denote hy (p — (j)^ the Lie transform. 
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Lemma 8.4. Set {z',f') = (f>{z,f). Then we have 

z' = z + Z f'{x) = e'"-^(^-^+T)TA/ + g{x) (8.9) 

with TAf{x) = fix - A), A = - /q A{T)dT, Z = /q Z{T)dT, B = /q B{T)dT, 

7 = /q (C{s) + Aa{s) /q Ba{T)dT^ ds and Q functions of (z, /, Q{f)) 

Jo Js 

We have the following estimates for a fixed constant C > 0; 

\\{z, II/I|s_.„J||l^(-2,2) < C{\z\ + ||/||s_.„J , (8.10) 

\Z\ + ||g||s,„^ < C{\z\ + ||/||s_,„„ + \g\){\z\ + ||/b_.„J, (8.11) 

\A\ + \B\ + \j\<Ci\z\^ + \\f\\l_^^^^+\g\). (8.12) 

We have Z = Z{z,f,g{f)), A = A{zJ,g{f)), B = B(z,f,g{f)) and 7 = 
jiz, f, g{f)), with C" dependence in z E C™, / G S_4„3 and g G R"'. G = 
G{z, /, g{f)) has C" dependence in z £ C"\ / G S-4ri3 a?id gi G K^ with values 
in E4„Q_„. 77ere uq = n^ + 2n and An^ > n + 1. 

Proof. The formulas follow by the use of the integrating factor. The last claim 
follows from Proposition 8.3. We now consider the estimates (8.10)-(8.12), 
which improve (8.8). Notice that 

z'^z + Zt /*(x) = e'^-(S'-+^')TAj + 5t(x), (8.13) 

defined similarly to (8.9) but with integrals in [0,i] (resp. [s,t]) rather than in 
[0,1] (resp. [s,l]). We have by (8.7)-(8.8) 

\Zt\ < f \Z{T)\dT < C{\z\ + ||/||s_,„„ + \g{f)\) I\W\ + ||.ri|E_.„Jdr. 
Jo Jo 

Similarly 

'* \C{T)\dT < C{\z\ + |l/|b_,„„ + W)\) [\\z-\ + |l,rilE_.„Jdr. (8.14) 

Jo 

For T = A^ we have j' \T{T)\dT < C{\z\ + ||/||s_4„„ + \g{fW- As a conse- 
quence we get ||e'^-^(B'-"+''^')TAj||s_4„o <C|l/||s_4„o and 

t rt nt 



\\Gt\h,^„<C ms,x+ A{T)dT)U,^Js<C' \\V{s,x)U_,^^ds 

JO Js Jo 

< C"i\z\ + ||/||s_,„„ + \gif)\) f\\z^\ + ||/1|s_.„Jd.. 

Jo 

Then (8.10) follows by Gronwall inequality and implies (8.11)-(8.12). D 
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Remark 8.5. Notice that the theory in Sect 6 entails loss of regularity, in 
the sense that A and the other functions are regular in / € S-4n3 and not 
/ G I]_4„j,. Since we consider many flows, we have big losses of regularity. For- 
tunately we consider no more that 2N + 2 transformations and we have a lot of 
regularity to begin with. 

Lemma 8.6. Consider the system f — (A"*)/ and Zj = (<-f*)j. Then the con- 
clusions of Lemma 8.4 continue to hold and we have also 

fix) = e'^3(-^^.'-(:.-A)+7) j(2; - A) + gix) (8.15) 

with v' the velocity associated to the t — 1 vector. 

Proof. The starting point is formula (8.9). By Lemma 5.8 we have 

B = / Ba{t)dt - -^ / (Vait) + tdVa{X')dt ^ -'-Va{l). 

Recalling the 7 = /q (C(s) + Aa{s) L Ba{T)dT) ds in Lemma 8.4, we have 

dsAa{s) I Ba{T)dT = -- / Aa{s)Va{s) ds = 

Jo ■^ Jo 

\l ^"(^^^^'^^^^'^^^ ^^«(^)""(^)^ W ^a{s)j-^Va{s)ds. 



We get (8.15) setting 7 := 7 — ^A • v' . 
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Lemma 8.7. z' is C"" m z e C"\ f G S_4«3 and g e R^. f is C" in z e C™, 
/ G S_4„3 and g G M.^ with values in S_4„3_„, where An^ > n + 1. g{f') is C" 
m z G C", / e S„4«3 and £» e M''. 

Proof. With the notation of Lemmas 8.4 and 8.6, for Z, A, 7 = 7 — ^A • v' 
and Q we have the result of Lemma 8.4. So for z' the claim follows immediately 
while for /' is a consequence of formula (8.15), the chain rule and Lemma 7.5. 
We have 

Q{f') = Q{f) + 2(e-^(-^-'-+^)/|^ir_A^) + QiG) 

v' , - (8-16) 

na(/') = n„(/) - ^q(/) + i(e-^(-5- -+^)/|T_Aai^3aaa) + n„(g). 

By Lemma 8.4 we have that a\a\e"'-^^'^'" '^^^^t^aOIQ for i = 0, 1 is C" in z <E 
C™, / G S_4„3 and g G M^ with values in E4„„_„_i with hq = n^ + 2n. Then 
for / G S_4„3 and by 4no ^ n— i > An^ it follows that the mixed terms are C" 
in 2; G C™, / G S-4ra3 ^^'^ 6 ^ ^"^^ QiS) and Ila{G) are of the desired type. D 
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9 Reformulation of (4.4) in the new coordinates 

Denote by Tt the flow of the system (8.1) associated to the field of Lemma 5.8. 
We set 

H = KoFi. (9.1) 

In the new coordinates (4.4) becomes 



IZo 



dH 



if = (j^aiV fH. 



(9.2) 



For system (9.2) we prove: 

Theorem 9.1. There exist eo > and C > such that for |z(0)| + j|/(0)||/fi < 
e < So with /(O) in the Schwartz class, then the corresponding solution of (9.2) 
is globally defined and there are f± G H^ with ||/±||hi ^ C'e and functions 
d e C^{R,R) andD e C^{R,R^) such that 



hm 

t^±oo 



'''B(t)^ 



iS{t)(Js 



fit) 



JtAaa 



f± 



_ffi 



0. 



(9.3) 



We have 



lim z{t) = 0. 



(9.4) 



It is possible to write f{t,x) — A{t,x) + f{t,x) with \A{t,x)\ < Cjv(i)(a;) ^ for 
any N , with Umi_>oo CN{t) — and such that for any admissible pair {p, q), i.e. 
(1.6), we have WlW^p^^^wf) ^ '^^■ 

We now move to the proof of Theorem 9.1. First of all we remark that in 
the sequel we need that the hamiltonians and the Lie transforms be sufficiently 
regular. The amount of regularity needed depends on N = Ni. We will consider 
a total of 2(A^ + 1) Lie transforms, considering both the implementation of 
Darboux theorem and the Birkhoff normal forms. We need to end up with a final 
hamiltonian which is at least C^. We can make sure that all the hamiltonians 
and Lie transforms are sufficiently regular by picking H^' with K 3> 2iV and 
5* > 2A^ in Lemmas 4.5 and 5.8. 

The first step in the proof of Theorem 9.1. is a preliminary discussion of 
H = K o Ti. In Sections 10-12 we implement the method of Birkhoff normal 
forms, looking for other coordinates. Finally we will settle in the right system 
of coordinates and in Sect. 13 we will finally prove estimates. 

Lemma 9.2. Fix a large number M G N with M 3> 2N . We have the expansion 



H = ^{g{f))+Hi'^+n 



>(i) 



(9.5) 



where ipis) ** C in g and where: 
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(1) We have for £ = 1 

H^2^= E <2(e(/))^^^'' + ^('^3H.o/ki/>- (9.6) 

A".(^-,y)=0 

(2) We have U'-^^ = UW + n(^\ with UW = 

= E <J(^(/))^^^''+ E z''^''{<^i<^3G,AQim.f) 

\fi+iy\=2 \fj.+,^\ = l W-') 



7^(2)= J2 z^J^a^.iz,f,g{f))+ ^ z^J^G.^z, f, gif))\a3aif) 
+ 5](i?rf(z,/,e(/))|/'*)+ / B,{x,zJJ{x),gif))f{x)dx 

with i?2(0,0, 0) = and where, both here and in Theorem 12.1 later, by 
/'^(x) we schematically represent d—products of components of f . 

(3) At g{f) ^ with i = 1 

aW(0) == /or l/i + i/| = 2 with {p, v) ^ (5^,5^) for all j, 

%!5j(0) == ^ji^o), where Sj = {5ij, ...,5mj), (9.8) 

G^.(O) = /or |A* + i^| = l 

These a\il{Q) and Gfii/{x,g) are C^ in all variables with Gfi^{-,g) G 

c^(K^E4M(M^c2)). 

(4) For a small neighborhood U of (0,0,0) in C™ x S_4m x M^, we have 
a^Az,g)eG^{V,C) . 

(5) G^,(-, z, g) e C^^(U, S4M(R^ C2)). 

f6j Bd{-,z, /, g) e C'^CU, S4m(M3, S((C2)®^ C))), /or 2 < d < 4. 
('7j Lef *r7 == (C,^) /or C G C. Then for Br,{-,z, /, 77, g) we have 

for \1\<M, ||V^_^^^^^^^B5(z,/,?7, g)||s,j,j(R3_B((c2)»5^C) < Ci- 
(8) We have for all indexes and for I ~ 1 
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(9) 

(9.10) 



Tzi'-'' eC^Uv,R), 



\ni'\z,f,g)\<C{\z\ + \g\ + \\fh_,,,)\\f\\l_^^; 

Proof. We consider the notation of Lemma 8.6. Thanks to Lemma 8.4 and by 
the freedom of choice of H^'^ in Lemmas 4.5 and 5.8, we can assume that A 
and v' e C^(U,R3), Q e C^{\J,i:^j^) and 7 G C^(U,iM), with U a neigh- 
borhood of the origin in the space g{f) = g E M^, z E C™ and / e S_4m ^^^ 
with M ■> M . Having in mind (8.16), we notice that e'^3(~5'''-^+7)a»r_A^ S 
C^(U, E4jg_4jj_J for i = 0,1. Set i^ := e'^^^-^^'-^+^'V-Aa. Then we have, 
for g — g(f) and G{t) — F{tz, tf, g), 

{f\F)^{f\{z,d, + z,dj)F{OAg)) 

1 f^ (P (9.11) 

+ {f\dfF{OAg).f) + ^J^ {.f\^G{t)}dt. 

The first term in the right is like the z^^'^ {ai(73G^,y{g(f))\f) in (9.7) with 
Gf,t,{g) e C^^i(R'*,E4^_4^). By taking appropriate M and M, the con- 
ditions in the statement will hold. The second term in the rhs of (9.11) is like 
"^2 {z,f,g), satisfying (9.10) for appropriate choices of M and M by (8.11). 
The last term in (9.11) is higher order, and again is like 7^2 or can be absorbed 
in TZ^"^'. Similar expansions hold for Q(G) and analogous terms on the rhs of 
the second equality in (8.16). Expanding like in (8.16) we obtain 

(z + Zn-z + Zr{a,a3G^,{gin)Ue'^^<^-i^'-^+^\f + g). 

Analogous formulas hold for {B^{z', g{f'))\{f'y) for d = 2,3,4 and Epif). 
With Taylor expansions similar to (9.11) we get in an elementary fashion that 
(9.12) expands into terms falling in one of the cases in the statement. For d — 5, 
< J < 5 and with some exponentials in absorbed B_, schematically, we have 
terms like 

R^ix + A, z', e"-^(-3'^'-"+^V(^) + Qi^ + A), gif')).fH^)G'^'Hx + A)dx 

which by Taylor expansion and by the fact that M ^ M can be absorbed in 
7^(2). We next look at 

(a^n^ofWif) = ((-A + c.o)/Vi/') + (^sK^o/Vi/'). 
We have 

((-A + uo)f'\a^f') = ((-A + LOo)f\a^f) + ^Q(/) + 2«„n„(/) ^^ ^^^ 

+ ((-A + iJo)G\<^iG) + 2((-A + c^o)akirAe-'^(-5"'-+^)/). 
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In (9.13) the last line can be treated as above and absorbed in the 7?.^"'^^ while 
the last two terms of the first line go in part in ip{Q{f)) and in part in 7^'^) 
by t! = 2Il{R)/Q{U). The term {a^Vi^gf', crif) can be expanded as the sum of 
(csVLjo/, ci/) plus a reminder term treating it as (9.12). 

D 

10 Normal forms and homological equation 

We set Ti. — 'Hi^„Pc{'Hi^a)- Consider C valued functions a\j^l{Q) such that ai^ = 

alil- We assume that a\il G C'^''{U,C) for fco G N a fixed number and U a 
neighborhood of in M^. Then we set 

Hi'\g):= J2 a^^l{g)z^^^ + \{a:,H^J\a,f). (10.1) 

A(0)-(aj-i^)=0 

Ar(^)-45,(^)> A(^) = (a1^...,A(^)). (10.2) 

We assume A^ ^(0) ~ Aj(a;o) and a]^l{Q) = if (/^, v) ^ {5j, Sj) for all j, with Sj 
defined in (9.8). 

Definition 10.1. A function Z{z, f, g) is in normal form if it is a sum 

Z = Zo + Zi (10.3) 

where Zq and Zi are finite sums of the following type: 

Zi= Y. ^^^"('^i^3G^.(f^)|/) (10.4) 

with G^,.(x,cj, g) e C'"'{U, EfcJ for fixed fco e N; 

^0= Y. a^-iQ^""^" (10-5) 

A(0)-(p-i/)=0 

and a^^{g) E C''"{U,€.). We will always assume the symmetries (4.12). D 

For G ~ G{x), by elementary computations we have 

^{(^3^/1^1/), g(/)} = i(H/|ai/) = -i{P\cj>'')4>^CT:i!\f), ^^^ g^ 

^{(^3^/1^1/), n,(/)} = {a:,nf\a^daf) = -\{<y3{daV^.)f\a^f), 
{/, Q(/)} - -iPc(c^o)a3/, {/, n^/)} = Pc{0Ja)daf. 

We now discuss the homological equations. We start by assuming that g is 
an external parameter 
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Lemma 10.2. We consider x = x{b, B) with 

x{b,B)= J2 ^M-^^^'+ E ^"'^"{'^K^sB^M) (10.7) 

for bfj^i, G C and B^^i, G '£i2ki with fci G N. Here we interpret the polynomial x 
as a function with parameters b — (6^^) and B = (i?^^). Denote by X2ki the 
space of the pairs [b, B). Let us also consider given polynomials with K = K{q) 
and K = K(g, b, B) where: 

K{q):= Y. k^A.g)z^^''+ E z'^^'^i'^i'TsK^AQW, (10.8) 

\fj.+i,\=Ma + l \fi+iy\=M„ 

with k^^io) G C'">{U,C) and K^^{q) G C'=«([/, Eafei H Pc{uJn)L^) for U a neigh- 
borhood of in W^; let 

K{g,b,B):= Y. k^.AQ,b, B)z'^J'' 

|^+i/|=Mo + l 

1 3 (10.9) 

+ EE E z'-^^WKysdiK^^ig^b^BW, 

i=0 a=l \fj,+u\=Mo 

with k^, G C'^iU X X2fc,,C) and K^^, G C'=o(C/ x X2k^,^2k^ n Pc(wo)i'). 
Suppose also that the sums (10.8) and (10.9) do not contain terms in normal 
form and that K{0, b, B) ~ 0. Then there exists a neighborhood V Q U of in 
ffi.^ and a unique choice of functions {b{g),B{g)) G C'^° {V, X2ki) such that for 
x{q) = xiKs), B{g)), K{g) = K{g, b{g),B{g)) we have 

{X{g), H2{g)} - K{g) + K{g) + Z{g) (10.10) 

where Z{g) is in normal form and homogeneous of degree Mq + 1 in {z,'z, /). // 
the coefficients of K satisfy the symmetries in (4.12), the same is true for x- 

Proof. Summing on repeated indexes, we get 

{H2, x} = ''^Kq) ■ (a* - v)z''z''b^^ 

+ i{f\a^<y^{\{g) -{ti-v)- n)B^,,) + k{g, b, B), 

where, with an abuse of notation, 

Kig,b,B):= ^ a^'lig) (b^,,, + {aiasB^,,,\f)) {z^^T , z'^'^'}, ^^q^^) 

with the sum only on |/i + i^| = 2 with (/i, i^) 7^ {5j,Sj) for aU j. K{g,b,B) is 
for g ~ and is a homogeneous polynomial of the same type of the above 
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ones. Denote by Z{g, b, B) the sum of its monomials in normal form and set 
K := ^ + X - Z. We look at 

i\(Q) ■ {fi - iy)z^^J%^, + z^^l-^iiflaiasiHg) ■ (p - ly) - H)B^,) 
+ K{g,b,B) + K{g)=0 

that is at 

k^i^ig) +k^^{g,b,B) +ib^t,X{g) ■ {p. - v) = Q fin u^ 

K^,{g) + ^^,,{g,b,B)^i{n-\{g)-{ji-u))B^„ = Q, 

with k^^ and K^^ the coefficients of K. Notice that by k^^(0, 6, i?) = and 
K^^(0, &, B) = 0, for £1 = there is a unique solution (6, B) E X2ki given by 

^^'^ = J{^^^J^y B,^iO) = -mn{m-il^->y))K,AO)- (10.15) 

Notice that for i = 0, 1 we have -R-h(C)-Pc(wo) ° dl E B{Y^2i, ^21) for any I € Z, 
C ^ (Je{H) and a e {1, 2, 3}. The case i = can be proved by induction over I 
using material in Sect. 7. The case i = 1 holds for "Ho := o'2(— A + cj). Finally, 
these facts and the resolvent identity yield the case i = 1 for H. Then Lemma 
10.2 is a consequence of the implicit function theorem. 

D 
Substituting g = g{f) we obtain what follows: 

Lemma 10.3. Set Ki = K{g{f)), Ki = K{g{f),b{g{f)), B{g{f))) and xi = 
xisif))- Then we have 

{xi,H2}^Ki+Ki + Zi+Li (10.16) 

where Z\ is in normal form and homogeneous of degree Mq + 1 in {z,z, /) and 

Li = {VMf))f\.f)x, + {T,f\f)Xi, (10.17) 

where: Vj{g) G C^°^^{U,T.2ki~i), Tj e i?(i;_2fci, S;) for all I; Xj and Xj poly- 
nomials like Xij with monomials of no smaller degree and with coefficients in 
C*'"-! in g. 

Proof. By direct computation (10.16) holds with 

Li = iW'{<P^)(f>^a3f\f)dQ^f)Xi + l{^3idaV^„)f\aif)dnM)Xi + 

^ (10.18) 

^^^"a,.a(S (5,,Xi{ft(/),f^,(/)} + 2^V'(aia3i?^V',{ft(/),/})) , 
with gaif) = Q{f) and £.„(/) = Ila{f) for a = 1,2,3. We have 

{Q(/),n4/)} - i(ai/|P,(a;o)aa/) = \{a^f\daPd{ooa)f); 

(aia3i?^.|{Q(/),/}) = (i?^.|Pc(wo)^3.f); 

{nb(/),n„(/)} = i{<T^a3dbf\P,{LOo)daf) = -K'^iasdbflPdMdaf); (10.19) 

(^ia3B^.|{n„(/),/}) = {B^^\P,{LJo)daf) 

= -{daB^M) - {B^,APdMdaf)- 
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(10.18)- (10.19) yield the properties of Li. D 

11 Canonical transformations 

We consider functions x 

X= E h^A.Q{f))z^^'' ^ E z^^^^KT^iB^^igimf). (11.1) 

We assume h^,^ e C'^"(R4,C) and B^,^ e C'^''(M'^, I]4fci(R3, C^)) satisfying the 
symmetries in (4.12). Here /cq and fci are fixed, very large and in N and fci ^ 
fco. We will always assume B^^ G L'^{Hui„)- We want to consider the flow (j>* 
associated to the Hamiltonian vector field X^ at time t = 1 and use it to change 
coordinates. 

Our first step consists in setting up the hamiltonian system associated to x- 
It is a quasilinear symmetric hyperbolic system. 

Lemma 11.1. Consider x os in (H.l) satisfying the symmetries in (4.12). 
Summing on repeated indexes, the following holds. 

{f,x} = Cf + V, {z,,x}^Z,, C:=Aada+Cai (11.2) 

where the coefficients are given by the following formulas: 



A = 9n„(/)X , C = -i9Q(/)X , Zj = -\chjX, 
V = -\z^'J}'B^,,{Q{f)) - Pd{iOo)Cf. 



(11.3) 



The coefficients can be thought as dependent on {z, f, g{f)). If we substitute 
g{f) with an independent variable g G M'*, then we have Aa G C^°^^{^^^), 
iBa,iC G C'">-^{'^,M.) and V G C'=''"^(23, E4feJ, with 23 a neighborhood of the 
origin in C™ x i;8/co-4fci x W^. 
The following inequalities hold: 

|^| + |c|<qzr«(|z| + ll/l|s_,,j 

Proof. (11.2)~(11.3) follow from a simple computation. The rest follows by 
Subsect. 8.3 for no — ki and n = k^. D 

Lemma 11.1 assures us that we are within the framework of Sec. 8 and that 
the Lie transform (j) ~ (j)^ associated to the following system is well defined: 

/ = {/,x}, i = {^,x}- (11-5) 

In particular, we have: 
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Lemma 11.2. Suppose ki is sufficiently large. Set (z*,f*) — (/)*(z,/). Then we 
have 

z'^z + Zt, f = e'''^^TAj + Gt (11.6) 

with taJ{x) = f{x - At), At = - /^ A{T)dT, Zt = /„ Z{T)dT, -ft ^ J^ C{s)ds 
and 



Gt{x) = /o e-'^- /e C(r)drp(^^ ^ ^ Jt jl^^)dT)ds. 

We have At — At{z, f, g{f)), and jt — Jt{z, f, g{,f)), with C^°^^ dependence 

in z (£ C™, / £ J^sko-4ki o,nd g G M^. The same statement holds for Zt = 

2tiz,f,g{f)) resp. Qt = Gt{z, f, g{,f)) with values in C" resp. 'E4ki-ko- 

The /* has C'''>^^ dependence in z G C™, / G E8fco-4fci and £» G K.'* with values 

in S9fc(,_4fej. 

The g{f*) has C'^"^^ dependence in z E C™, / G Yisko-iki and g{f) G K** with 

values in M^. 

There is a fixed constant C such that 



\Zt\ + \\gt\\^,,^<C\z\^'^-\\z\ + \\f\\^_^^^), (11.7) 

\At\ + \^t\<C\zr^''\\z\ + \\f\\^_^^J\ (11.8) 

Proof. This is the analogue of Lemmas 8.4 and 8.6 . D 

We wiU set (j) = 4)^, {z',f') = 4'{z,f) and wc wih drop the subindex t for 
t = 1, that is A = A( etc. 

Lemma 11.3. In the above notation we have 

\Qi.n Qif)\ < c\z\^"-H\z\ + ||,/|ls_«, ?, (11-9) 

|n(/') - n(/)| < c\zr»~\\z\ + \\fh_^^^J' (11.10) 

for afixedC dependent on \\{h^^,B^,y)\\ci(\j^) with\J4 C K"' a preassigned neigh- 
borhood of the origin. 



Proof. We have 



Qif) = Qif) + I {Q{I),x} o <p'dt, (11.11) 



with 

{Q(/),x} = {Q(,/),n,(/)}an„(/)x + ^^^''(^i^3i?p.(g(,/))|{g(.f),,/}). 

We have |{Q(/),x}| < C{\b\ + \\BU,,^)\z\^'"-Wz\ + ||/||s_,,J' for a fixed 
C dependent on \\{b^„,B^v)\\(ji by the formulas in (10.19). The integral in 
(11.11) has the same upper bound by Lemma 11.2, in particular by (11.6) and 
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inequalities (11.7)-(11.8). This proves (11.9). For Ila{f') we have a similar 
argument by the following formulas and estimates: 

{nb(/),n„(/)} = i(aia3dbf\P,{LUo)daf) = -\{^i<y^db.f\Pd{io^)daf)\ 

\{<Ji<J:idbf\Pd(ujo)daI)\ < Qll/lll ^ and \{B^,.\Pd{ujo)daf)\ < Q||B||s_, ||/|1e_, 
for any L We have |(a,i?^,|/)| < C||B||s,,J|/||s_,.,+, by ||a,B||s«,^, < 
c||B|js^j. , see Lemma 7.5. Thanks to (10.19) and Lemma 11.2 these inequalities 
yield (11.10). D 

The information in Lemma 11.2 is not sufficiently precise for our purposes. 
Let us consider for any fixed (z(0), /(O)) the system 

g = -iCCB^,{g{fm , 

= -i'^.^ (b^AQifm + (^i^3i?M.(e(/(0))|/)) (11.12) 

g(0) = /(0), C(0) = ^(0). 

Notice that well posedness, regularity of the fiow, and smooth dependence on the 
coefficients {b{g{f{0)), B{g{f{0))) fall within the scope of the theory of ordinary 
equations. Denote (J>q the flow of (11.12). In particular for (C*,5*) = 0o(C:ff) 
we have 

c^c+Mc,9M0imB{g{m 

g'^g + Gt{Cg,b{g{f)),B{g{m, 

with Zt{C,g,b,B) (resp. Gt{C,g,b,B)) with C°° dependence on i, C e C" and 
g e E_4fej, and {b,B), with values in C™ (resp. E4j.j(K'^, C^)) and with 

Zt(C,5,0,0) = 0, Gt(C,g,0,0) = 0. (11.14) 

Furthermore Z4 resp. Gt satisfy uniformly in t the same bounds (11.7) of Z 
resp. Q. 

We compare the solutions of (11.5) with those of (11.12). Denote {z',f') = 

0i(z,/)and(C',.g')-'/'o(^,/)- 

Lemma 11.4. For a C like in Lemma 11.3 we have for any j < fci 

W C\ + 11/' - 3'IIe_.,_. < Ci\z\ + \\fh_^^j''^'+'. (11.15) 

Proof. Set M(t) = \z{t)\ + |C(i)| + ||.f(t)|ls,_,, + Mt)h,_,, ■ We have 

f-9 = K'^rS^AAfm) - izf^^^B^^igif)) - Pd{oJo)Cf + {Aada + Cas)f. 
The rhs has S_4j norm bounded by 

IC^r - ^^^1 \\B,.{g{fm)h-., + k^z1l|S^.(g(/)) - i?p.(g(,/(0)))||s_., 

+ II P,(cOo)/:/|| E_., + II {Aada + CcT3)/|| E_., • 
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Then 



t ft 



\\f{t) - g{t)U_,, < C / M'^'^-^tMr) - C(r)|dr + C / M'''«+'{t)dT. 
Jo Jo 

Similarly 



\zit) C(i)l <C f M^"-\t)i\zir) C(r)| + |l/(r) - gir)\\^_JdT 
Jo 

+ C I M^"+\t)dT. 
Jo 

Then the statement follows from Gronwall inequality since M(i) < CM(0). 
For instance, \z{t)\ + ||/(t)||si_,^. < Ci\z{0)\ + \\.f{0)\\j.^_^^) follows by formulas 
(11.6) and by inequalities (11.7)-(11.8). ' D 

Lemma 11.5. In the above notation of Lemma 11.5 we have 



\QU')- 


-Q{9')\<C{\z\ + \\,f\\^_^^^J^^<^+\ 


(11.16) 


|n(/') - 


-n{g')\<C{\z\ + \\,f\\^_^^^J^o+2_ 


(11.17) 


''. We have 






d ,„ ,.. 


-V 





^^-(nb(/) - nfc(5)) - ic^c (Bp.(g(,/(o)))k3aiab.g) 

+ iz^z''(B^,(g(/))|a3aiafc/) - (Prf(c^o)>C/|a3ai4/). 

The right hand side can be bounded above by the rhs of (11.17) computed at 
time t. Integrating, using the fact that (2;,/) = (C1.9) at t = and by (11.6) 
and (11.7)-(11.8) we get (11.17). The proof of (11.16) is similar. 

D 



12 BirkhofF normal forms 

Our goal in this section is to prove the following result. 

Theorem 12.1. For any integer 2 < £ < 2N+1 there are a 60 > and M :^ N 
large such that in the subset of T,4m defined by \z\ + ||/||hi < 5o is defined a 
canonical transformation %■ which is differentiable as a map with values m Si 
and whose image contains a similar subset ofEiM defined by \z\ + ||/||_ffi < S'q, 
s.t. 

H^'^ ■.= KoTe = ^{g{f)) + H^'^ + Z^'^ + n'''\ (12.1) 

with i^{g{f)) the same of (9.5) and where: 

(i) h!^^ = hP for i>2, is of the form (4.9) where a'j!}, satisfy (9.8) -(9.9); 
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(ii) Z^ ' is in normal form, with monomials of degree < £ whose coefficients 
satisfy (4.12); 

(Hi) we have Ti ~ <f>io ...o (pi, with each (pj a Lie transformation associated to 
a function (11.1) with Mq = j; 

(iv) we have TZ^^^ = X)d=o^d ^^^^ ^^^ following properties (for k2{£) <C 
kail) ^ M pairs of appropriate large numbers with fcj(i? + 1) <C kj{£) for 
all £ and for j = 2, 3): 

(iv.O) we have with |9^ay(£i)| < Ci for \l\ < k2{£), 

<) = J2 ^^^"^<2(^(/)) : 
1^+1^1=^+1 

(iv.l) we have with ||9^G'^^2(e)(-)lls4^,3(,)(R3,C2) < Ci for \l\ < k2{£), 

nf^ = J2 z^r{aiasG^^M.mf) ^^th 

(iv.2-5) in U we have for 2 < d < 5 and for rf" — [C,, C) with (^ G C, 

T^f^ I Ff\x,zJJ{x),g{f))f{x)dx + Ti^P, 
with for \l\<k2{£) 



\\d[-,,aj,/d\-^^^f^^^e)U,,^^,,[^^Mic-)^-,C) < Ci, (12.2) 
withF^^\x,0,0,0,0)=0 and with TZ^f^ {z , f , Q{f)) s.t. 



^w^^..(£)(^^K^K), |^i'^(^,/,g)|<qi,/|lL,.3<„, 
\n'i\zj, b)\ < c{\z\ + \g\ + ||/||e_,,3<J||/||L,,3,,,; 

(^v.6)ni'^^J^,Bi\fix)\y2)dx. 

12.1 Fullback of multilinear forms 

The method of Birkhoff normal forms is implemented using the flows of aux- 
iliary hamiltonians x like in (11.1). In partieular, in we will assume for the 
moment that the degree is Mg + 1 and that bf^i, e C'^''(R'*,C) and i?^^ € 
C*=o(R'*,i;4fci(M^,C2)). In the proof of Theorem 12.1, x needs to solve a homo- 
logical equation. In this section we look at puUbacks of the various terms of the 
hamiltonian by means of the Lie transform associated to x- In general these 
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terms are pulled back into other reminder terms which are less of regular. By 
this we mean both that their coefficients are less than C'^" and with values in 
some Yiik with k < ki. In general this loss of regularity is harmless. However 
we have to make sure that the terms which enter in the homological equation of 
X, which is used to find a useful x, have same regularity of x- It is at this stage 
that we use the associated simplified system (11.12). We will consider now a 
number of technical lemmas. 

Lemma 12.2. Let F = F{z, f, g) be C''« in z e C", / € E_4fei and g € R'^ 
with values in 1:4^1 (M^, ^^(C, C)). For Mq = 1 we assume F{0, 0, 0) = 0. Then 



{Fiz'J',gir))\g')= V k,4gif),biQif)),Bigimz^r 



V 

+ Y. ^''^''{^i'J3K^,{g{f),b{g{f)),B{g{fmf)+R, 

where the following holds. 

(i) fc^,(0, fe, B) = and i^^,(0, 6, B) = 0; k^^{g, b, B) e C and K^,{g, b, B) G 
Ti/^ki are C^°^^ in g, in b^^ E C and in B^^ G ^4^^ . 

(a) R is a sum of terms of the form JZ^^^o+i) ^ ^/j^^ j^ ;j^g j^j ^^g statement of 
Theorem 12.1, with k^ ~ ki — 2fco and k2 ~ k^ — Mq — 3. 

If Mq > 1 formula (12.4) holds with only R in the rhs. 

Proof. We have for g = g(f) and g' ~ g{f') and Sg = g' — g 

{F{z',f',g')\g')^{F{z\f\g)\g^)+ [ {d,F{z' , f , g + tSg)\g')dt ■ 6g. 

Jo 

(12.5) 

By Lemma 11.2 the second term in the rhs is C'^" ^ in z G C™, / G T^ska-4ki 

and g G R*. Furthermore Sg satisfies \Sg\ < C\z\'^'°-^{\z\ + ||./||s_^^ J^ by 

Lemma 11.3. By fco = ^2 + Mq + 3 we can write the second term in the rhs 

of (12.5) as 7^[,^''+^' + n[^''°^^'' + ni,^^°^^\ just by performing an appropriate 

and partial Taylor expansion. If Mq > 1 the same result holds for the first term 

in the rhs of (12.5). Let now Mo =: 1. By Lemmas 11.2 and 8.7 it is C'"'^^ 

in z G C™, / G Tisko-4ki and gi G M^ and can be expressed as {F{0,0, g)\g^) 

plus a term which is like the above ones and can be absorbed in R. Writing 

F{g) = F{0, 0, g), we have succinctly 



{F{g)\g') = {F{g)\Gl) - 2{F{MGi 5)Gi) + {F{g)\{G, gf), (12.6) 

with Gi from the associated system, see (11.13). By Lemma 11.4 the rhs is 

^fco-i in 2 G C™, / G S8fco-4fci and g G M'^. We have 

{F{g)\{G, - (?)Gi) = {F{g)\{g' - /')Gi) + {F{g)\{e^^'<Tj^f - /)Gi). 
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Then 

1(^(^)1(5' - /')Gi)| < ||Fb«^ ||Gib«^ y - /'lis,,, 

<C\\FU,,^{\z\ + \\f\\^^_^J. 
Similarly 

\{F{Q)\{e'^-^r^! - /)Gi)| < ||^||s,,, ||Gi||s«, IKe^'^^A,/ - I)\W, 

Hence the second term in the rhs of (12.6) can be absorbed in R. Similar 
reasoning applies to the third term in the rhs of (12.6). We finally show that 
the first term in the rhs of (12.6) yields the first two terms in the rhs of (12.4) 
plus a term which can be absorbed in R. We know that Gi = Gi(z, /, 6^i/, B^^) 
is C°° in z e C™, / G S_4fc, and (6^^,B^^), with values in Y.ik^{^^ .'C'^) with 
||Gi||e«, = 0(|z| + ||/||s_«i)- We can consider 



\li+v\=2 

with n^ 0{\z\ + ||/||E_4fcJ^ and C''" in z,f,Q, and with 
KMb.B) :^ -La,^a|:(^(g)|G?)|(o,o,,) , 



(12.7) 



H^,ig,b,B) -.^ a^a^dt^d^V f{F{g)\Gl)\(^o^o. 



Q) 



TZ can be absorbed in R. The polynomial in (12.7) is like the one in the state- 
ment because of the hypothesis F{g) — F{0, 0, g) = when gi = if Mq = 1. D 

Lemma 12.3. Let F = F{z,f, g) with the same properties as in Lemma 12.2. 
Then, for a rhs which satisfies the same properties stated in Lemma 12.2 hut 
with kj, — ki — 3ko and k2 — ko — Mq — A, 



{F{z',f',g{f'))\gf')^ J2 k^AQ{.f)MQi.f)),B{g{mz^l'' 
+ J2 z'^z''{<Ji<J3K^AQ{f),bi9if)),Bigim\f)+R. 

Proof. We have 

{F{z',f',g{r))\gf') = {F{z',f',g{f'))\gf) + 
{F{z'J',g{f'))\g{e^-''Tj^ - 1)/) + {F{z'J\g{f'))\g'). 



(12.8) 



(12.9) 



The third term in the rhs is like in Lemma 12.3. The second can be absorbed 
in R by (11.8). We focus on first term in the rhs of (12.9). By (11.7) we have 
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g(x)= I V{s,x)ds 





+ / (^e-"' ^s Cir)dr _ ^^ p(5 2. + f j[(^r)dT)ds (12.10) 

+ / ({V{s,x+ AiT)dT)-V{s,x)\ds. 

The last two lines are C''"^^ in z e C™, / G ^8ko-4ki and g e M^ with values 
in ^4ki-4ka where they have norm smaller than C{\z\ + ||/||j; )^ . This 

implies that when we substitute (12.10) in the first term in the rhs of (12.9), 
the last two lines of (12.10) ean be absorbed in R. When we substitute (11.3), 
the first term in the rhs of (12.10) is equal to what follows: 

- i / {z'^J''B^,{g{m o cl>'dt - f Pd{coo){Cf) o cf>'dt. (12.11) 

By Lemma 11.1 the second term in (12.11) is C'^"^^ in z e C™, / e Y:sk„-4ki 
and £1 e R^ with values in E; for any I and with norm 0{\z\ + H/H^ _ ^Afo+2_ 
The eorresponding terms in (12.9) can be then absorbed in R. The first term 
in (12.11) can be written as 

-iB^^gif)) f {z^r)ocj,ldt (12.12) 

Jo 

plus an error term which can be then absorbed in R since it is (7'^""^ in z G C", 
/ S Tigko-iki and p € K* with values in Tj4ki and with norm smaller than 
C{\z\ + ll/llssfc _4, )^"+^. By (11.13) we have that (12.12) is 

- iB^.(e(/))z^r - iB^,{Q{f))F^,{z, /, g{.f),b{Q{f)),B{g{f)), (12.13) 

with F^^{zJ,g,b,B) e C, C°° in C e C", / G S_4fc,, g e R'^ and in {b,B), 
Furthermore \F^^\ < C\z\^'°-^{\z\ + ||/||s_,, )• The contribution in (12.9) is 

iz^z^ + F^.){F{z',f',gif'))\B^Ag{f))f)- (12-14) 

Then proceeding as in Lemma 12.2 we get a contribution like in the rhs of (12.8). 

D 

Lemma 12.4. Let TZd = TZdiz, f, g) be C'=«+2 in z e C™, / G Y^-^ki and geR^ 
with values in R for d > 2. Suppose that the following inequalities hold: 

\nd{zJ,g)\<C\\f\\l: 

(12.15) 
|7^2(^,.f,g)|<C(|z| + |e| + ||/b_«J||./||L«,• 

Then for any d = 2,..., 5 and for any pair (fc2,fc3) there are ki{d) and fco((i) 
such that for fci > ki{d), fco > fco('^) o,nd fci > Cfco for some fixed large constant 
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C , then the following occurs: if d> 3, TZd{z' , /', g{f')) is of the form 7^(^0+1); 
if d — 2 we have 

M^', f, qU')) - ^2(2, /, 9{f)) + rhs like (12.4). (12.16) 

Proof. We will only sketch the case d = 2, the others being similar. Schemat- 
ically n2 = Gf"^, with G{z,f,g) € C''° with values in B^{T,-ik^,C) and with 
||G(z,/,e)||B^(s_,,,x) = Oi\z\ + \g\ + ||/||s_«,). We have 

G{z'J\g{f')){f'f^G{z'J\g{f'))g' + 

2 (12.17) 

2G{z', /', g{f'))ge^^-^''TAf + G{z\ /', g{f')) (e^^'^TA./) • 

The last term can be easily see to be of the form "R^ " ■ The first two terms 
can be treated like in Lemmas 12.2 and 12.3. For example, for a R which can 
be absorbed in R, we have 

G{z\ /', g{f'))g' = G(0, 0, g{f))Gl + R. 

This follows from the same argument used for (12.6) The first term in the rhs 
yields a term like the rhs of (12.4) exactly by the same argument used for (12.7), 
this time using the second inequality in (12.15) 

D 

Lemma 12.5. Let 

be another polynomial like x, ^'^ particular with d^^, G C'^"(K^,C) and Z?^^ G 
C'=«(K'',S4fc,(R3^C2)) with Ml > 2. Then, for any pair (fc2,fe3) there are kw 
and koo such that for ki > kio, k^ > fcoo and ki > Cko for some fixed large 
constant G , then we have, for an R like in Lemma 12.2, 

i/j o (j) - tp ^ R. (12.18) 

Proof. We have ip o cj) — Tp + J {xp, x} ° <p^dt. By elementary computation using 
(10.6) we get 

{V, x} = %V'9jX - i&jxd,4' + iz^+^^^+%D^fi\aiCj^B^,) + 
d,^i^z^'^''{aia^B^,\{g,{f),f})-deaz^^^{aia3D^p\{g,{f),f}) (12.19) 
+ {de^dg^x- dQ,ipdg^x){gi{f), gjif)}- 

By the formulas (10.19) all the terms the last line are of the form 7J.2 hke in 
Lemma 12.4. Then by Lemma 12.4 we have 

:^2O0* ='^2 + rhslike (12.4)^, (12.20) 
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where the last term depends on t. Integrating in t we ehminate this dependence. 
Hence the terms from the last line of (12.19) are absorbed in R. A similar 
conclusion holds for the terms from the second line of (12.19), this time using 
the last line of (10.6). Finally, the first line of (12.19) is of the form 

\li+iy\=M+Mo \tJ.+u\ = M+Mo-l 

with coefBcients /i^^ G C'=°(M4,C) and ff^^ e C'=°(]R'', S4fei (M^, C^)). Then 
L ho (j)*dt can be absorbed in R. D 

Lemma 12.6. Let F = F{zJ,f],g) be C''" m z e C™, / G Y.^4k,, r? G C^ and 

geR^ with values in^ik^{R^,B'^{C,C)). If d = 2 let F{0, 0,0, 0,0) = 0. Set 

R{z,J,g)^ f F{x,z,f,,f{x),g)f{x)dx. 

JV.3 

Then, for any d = 2,..., 5 and for any pair (^2,^3) there are fci(d) and ko{d) 
such that for fci > ki{d), ko > ko{d), ki > Cko for some fixed large constant C 
and for k^i,, K^i, and R like in Lemma 12.2, we have 



Ro^^ J2 k^u{Q{f)MQ{f)).B{g{f)))z^z^ 



' ' (12.21) 

+ Y. z''z^a,CT:iK^,{g{f),b{gif)),B{g{f)))\f)+R. 

\p.+u\ = Ma 

If d > 2 formula (12.21) holds with only R in the rhs. 

Proof. The rhs of (12.21) can be written as a sum of terms of the form for 
0<i<d 



F(x, z', /', e"'''Tj^f{x) + g{x), g{f'))g^-\x){e"^''TUrdx. (12.22) 

The terms with i >2 satisfy the statement if we change variable of integration. 
In particular for « = 2 we have i^ = at {z, f) — (0, 0), where we exploit Q — 0. 
If d > 3, then the (12.22) can be incorporated in R. Wc then consider the case 
d = 2 and i = 0, 1. For i = 0, (12.22) is a sum of the form 



F{x,z',f',g{x),g{f'))g\x)dx + 

G{x + A, z', f, e^'y{x),T^^g{x), g{f))g\x + A)e''^\f{x)dx, 

R3 

where the second line can be incorporated in R and the first line is like Lemma 
12.2. If in (12.22) we have d — 2 and i = 1 we have an expression of the form 
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F{x, z\ /', g{x), g{f))g{x)e''-^TAf{x)dx 
+ f G{x + A,z\f',e^'y(x),g{x + A),g{f'))(e^'y{x)fdx. 

JS.3 

The second line is absorbed in R. The first hne is 

F{x + A, z', /', T^AGix), g{.f'))g{x + A)e''-y{x)dx 
^' ^ (12.23) 

F{x,z' J' ,0, g{f))g{x)f{x)dx + ^ 

where R can be absorbed in R. So we can apply Lemma 12.3. 

D 

12.2 Proof of Theorem 12.1: the step 1 = 2 

At this stage our goal is to obtain a hamiltonian similar to H but with 7^(i) = 
in (9.7). In Lemma 9.2 we can assume M arbitrarily large. We consider a 
polynomial x? initially unknown, like in (10.7) with Mq = 1 and with fcg and fci 
arbitrarily large with 1 < fco < fci < M. We choose 2N < fc2(2) < ks,{2) < 
fci — fco with A:2(2) as large as needed. We write 

Ho4)^{;ilj + H^^^ +T^)+T^y)o4>, (12.24) 

for the Lie transform of %. We have 

Jo 
By the computations in Sect. 10 we have schematically, for £ = 1, 

{i/f , X} = i E ^^'^ (^) • (m - i^)z^^''b^u 
+ i J2 z''z''{f\a^a,{\'-'\g)-{ii-v)-n)B^,) 



\ti+u\=f. 



|Q+/3i=2 A"' 

(a,/3)#(5,,5,)Vj 
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with L like (10.18) with Xi replaced by x- Then, in the notation of (10.17) and 
for (/)q the flow of the simplified system (11.12), we have 

H^^ o ^ - H^^ = 

Y, A(i)(g(/)) • (m - iy)b^Apif)) f {^''^1 o 4>ldt 

+ Y. {'^i<^3B^,{g{f)), {\{g{f)) -ifi-iyj+H) f {z^J'' f) o cj^ldt) 

+ E «S(e(/))[ E b,Ag{.f)) f\z-z^z'^-^}ocj^ldt (12-25) 

(a,/3)/(5,A)Vj 
+ E (^l'^3SM-(e(/))| / (/{Z"z^^^^"^})°0f,dt)] 

+ Ri+ / ((t/,(g(/))/|/)x,)°0*cit, 

where by Lemmas 11.3 and 11.4 and by Ri = 0{\z\ + ||/||s4fc +4_4fc )^ s.t. Ri 
is (7'^""^ in z e C™, / e S4fcQ+4_4fej and £i(/). In particular we have used 
estimates like 

\{<Ji<J3B^.{g{mnf o ^' -Hf o d^Dl < \\B^,{g{f))U,,^ 

x||H/o0*-H/o</,*||s_«4 <C||.f°'^*-/°0olls._«, (12.26) 

with the latter a consequence of Lemma 11.4. In (12.25) the last term is like 
in Lemma 10.3. It can be treated by Lemma 12.4. By our choice of ^2(2) and 
^3(2), if we denote by Ri the last line of (12.25), we conclude that Ri can be 
absorbed in u''^^ + 7^f ^ + U^^^ . We then obtain for ^ = 1 

H^'^ o </, ^ i/f + i J2 bl%{f))\{gif)) ■ (m - z.)z^z'' 
1^+1^1=^+1 
i Y z'^J^f\a,a,{H-X■{^l-l^))Bl!}{g{m 



(12.27) 



1 
|m+i^I=^ 
+ E kl'}iQif)MQif)),Bigimz^r 

\l_i+u\=l+l 

+ E z^^J^a,a,Kl!X0if)M0imB{g{m\f)+Ili 

where: ^ = 1; Ri is like Ri; kf,^{0,b,B) ^ and Kf,^{0,b,B) == (follows by 
(9.8)); kf^iy{g, 6, _B) e C and K^i,{g, b, B) e T,ik^ are C*^" in g, in b^i, e C and in 
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-B^jy e S4fej . Notice that to get C^° regularity it is crucial the use of (/)q and its 
properties stated under (11.13). The C^° regularity is key for the homological 
equation. 

By Lemma 12.5 we have 



\ti+iy\=2 



(12.28) 



|A1+!/| = 1 



with: Si like TZ'^-^^; k^„ (resp. Kp,v) is like fc^^ (resp. Kf^^). 
By Lemma 11.5 we have 

for £ = 1 where Ti is like TZ^'^\ By Lemma 8.7 applied to cfy^, exploiting the 
fact that 1/1(0) = 0, we have that 

^(e(/)) ° 00 - i^iQi!)) - E 41^'(?(/)' Ke(/))' i?(g(/)))z^z"^+ 

\tJ.+u\=i+l 

3 1 (12.29) 

a=l i=0 |^+i/|=£ 

with R^ like R^. 
By Lemma 12.6 

(i?2(^',e(.n)i(/')'> = si 

|M+H=2 (12.30) 

where u^i/ and T^j^ have the same properties of k^^^, K^^, Si is like TiP' . Notice 
that the fact that v^i, and T^^ arc C^° is key here for the homological equation. 
By Lemma 12.4, where we are using /co ^ fci ^ M, which is much more 
than needed, we have for i — 1 

ni'^ o<p^n^i^+ Y. 4'2(^(/)' Ke(/)), i?(g(,/)))^^r 

U+l/|=£+l 

(12.31) 
where k\i{,, K/fiv and S![ ' are like k^^, K^^, and 72.*^^'. Consider now K :— TZ^^^ 
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and K the polynomial of the form (10.9) with 

k^^ig, b, B) := (fc^, + k'^^}' + k^, + v^, + KW)(e, &, B) , 

1 3 

K^,(e, h, B) := {K^, + ^M-^ + E E ^a4i'" + T^M-^ + ^|,l^)(?- ^ 5)- 

i=0 a=l 

Then K(p) and K(gi, fe, _B) are like in Lemmas 10.2-10.3. This means that we 
can choose x in (H-l) so that 

i\{Q) ■ (m - t^)z^z'^6^. + z^z''i(/|aia3(A(f^), -(a* - v) - n)B^,) 
+ n^)+ K{g{f),b{Q{f)),B{g{m = Z,{g{f)), 

where Zi (g) is in normal form and homogeneous of degree 2 in (z, z, /) and with 
Zi(0)-0. 

For d > 2, the terms {Bci{z' ^ g{f'))\{f'Y) can can be incorporated in TiP'^ 
by Lemma 12.6. This is true also for the d = 5 term and for Ep{f'). We set 

■^(2) : = -^W + R^ + §1 + Si + Ti + R'l 

+^) o 0- (i?2(z',g(,n)i(/')'> -^^'^ ° -^^ 

All the terms in the rhs have the properties required to TV-"^' . Hence, if we also 
set TZ^'^'' := TZ'-^\ we conclude the proof of case i? = 2 in Theorem 12.1. 

12.3 Proof of Theorem 12.1: the step i>2 

Case £ = 2 has been treated in Subsection 12.2. We proceed by induction to 
complete the proof of Theorem 12.1. From the argument below one can see that 

(£\ (2) 

H2 = H2 for all £ > 2. Suppose that the statement of Theorem 12.1 holds 
for an £ > 2. 

Set fco — ^2 (^) — k and fci = k^ {£) — k for a fixed and appropriately large k. 
We win choose 2iV < k2{£ + 1) < ks{£ + 1) < fci - fco with k2{£ + 1) as large 
as needed. 

Since iJ^^' — H o % is real valued (because H is real valued), alil and G/iJ 
satisfy (4.12). We seek an appropriate polynomial x a-s in (11.1) with Mq = £. 
For any such polynomial, we consider its Lie transform (p ~ (p^. Proceeding 
like in the previous step of the proof, we obtain formula (12.27) with: R^ = 
Oi\z\ + ||/||e_4.i+2)'+', with R, e C'^""! in z e C", / e E4/co-4fci and p(/); 
kl^}iO,b,B) = resp. KJ!J{0,b,B) = 0; k't!}ig,b,B) e C and KJ!J{g,b,B) G 
S4fcj are C'^° m g G M."^, b^i, E C and B^^ G S4/C1. By our choice of k2{£ + 1) 

and k3{£ + 1), Rf can be absorbed in 7^[,^+^^ + 7^f +^' + ui^^'^K 
By Lemma 12.6 we have 
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{F^'\z',r,.n-),g{f'mfr) - {F^'\z,f,f{-),g{.mf) 

|^+i.|=£+i (12.32) 

where: w^j (rasp. TJiJ) is like fc},j (resp. Kj^J); Sg is like TZ^^^^K Proceeding 
like in (12.32), by Lemma 12.4 we get 

ni'Kc^-ni'^^ J2 ^i'Mf),b{g{f)),B{g{mz'^r 

(12.33) 
+ Y. z''^''Wi'y3lCi'l{g{f),b{g{f)),B{g{m\f)+S,, 

with S^ like TZ^^^^\ klil resp. i^/jj with the properties of k\il resp. i^'^j. 
Proceeding as for the i = 2 case, we have that ip{g{f)) o (p ~ ip{g{f)) is like the 
right hand side of (12.29). 

Set K(^)(e(/)) := 7^[,^' + 7^f\ Consider the polynomial K of the form (10.9) 
with coefficients 

kW {g, 6, B) :^ (fc^ + fc^' + fc^ + t;(i))(e, 6, i?) , 

K(f)(,, 6, B) := (41) + ^ ^ a:4t)» + /CW + T|f))(p, 6, B). 

i=0 a=l 

Then K'^^)(g) and K.^^\g, b, B) are like in Lemma 10.2. This means that we 
can choose x in (H-l) so that 

\X{g) ■ {p - i^)z''rb^, + z^z''i(/|aia3(A(e), -{p - v) - n)B^,) 

+ KW(g) + K(^)(g,fe,i?) = Z,(e), 

where Zi^i{g) is in normal form and homogeneous of degree £ + 1 in (z, z, /). 

Set Z(^+i) := Z(^) + Zt+i and 

H(^+i) .^ ij(^) o cj) = i/^'' + Z(^+i) + ^(^+1) , (12.34) 

where 



^ 7e|;^^ o 4> + 7^^^' + R^ + s^ + s^ + R^ . 



The terms in the last line are of the form requested for terms of TZ^^^^\ By 
Lemma 12.5 also Z^^^^' ocj) — Z^^~^^^ is of the same type. Then we set TZ'^^^^^ := 
•^(^+1) g^j^j ^]-^g proof is finished. 

D 
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13 Dispersion 

We apply Theorem 12.1 ioi £ = 2N + 1 (recall N ^ Ni where N^Xj < cjo < 
{Nj + l)Aj). In the rest of the paper we work with the hamiltonian i/f^^+i). 
We wiU drop the upper index. So we wiU set H = iy(2^+i), H2 = i?f ^+^\ 
A, = Af^+i\ A - A(2W+i), Z, = Zf^+i) for * = 0, 1 and 7^ = U^^^+^l In 

particular we will denote by G^^ the coefficients G/i,/ ^ of Z} ' . We will 

show: 

Theorem 13.1. Consider the constant < e < e of Theorem 9.1. There is a 
fixed C > such that for e sufficiently .small and for any e G (0, e) we have 

II/IIl''([o oc') w^''') — ^^ -f*^^ '^^^ admissible pairs {p,q), (13.1) 

ll-^^lli^flOjOo)) ^ C'e for all multi indexes fi with X ■ fi > luq, (13.2) 

\\^j\\wl-°°{[o.oo)) ^ Ce for all j e {l,...,m} . (13.3) 

Notice that by the time reversibility of the NLS, the above estimates imply 
the ones with R replacing [0, 00), doubling constants in (13.1) (13.2). 

(13.3) is a consequence of the already known orbital stability, so we do not 
need to prove it. To obtain Theorem 13.1 it is enough to show that there are 
fixed constants Ci, C2 (large) and e (small) such that if for e e (0,£) (where e 
and e are those of Theorem 9.1) 



\m[o,T],wi''') 



l,g^ < Cie for all admissible pairs {p,q), (13-4) 



2' 



\l^(\o,t]) ^ ^'26 for all multi indexes fi with lu ■ ji > loq, (13.5) 

then in fact (13.4) and (13.5) hold but with C\, C2 replaced by Gi/2, G2/2. In 
fact we conclude that these estimates hold for all T and so (13.1)-(13.2) hold. 
The proof consists in three main steps. 

(i) Estimate / in terms of z. 

(ii) Substitute the variable / with a new " smaller" variable g and find smooth- 
ing estimates for g. 

(iii) Reduce the system for z to a closed system involving only the z variables, 
by insulating the part of / which interacts with z, and by decoupling the 
rest (this reminder is g). Then clarify the nonlinear Fermi golden rule. 

13.1 Proof of Theorem 13.1: step (i) 

Step (i) is encapsulated by the following proposition: 

Proposition 13.2. Assume (13.4) -(13.5). Then there exist constants C = 
C{Ci,C2) and Ki — Ki{Ci), such that, if C{Ci,C2)e is .sufficiently .small, then 
we have 

II/IIl''([o Tl w^''') — ^1^ f'^^ ^^^ admissible pairs {p,q) . (13.6) 



64 



Proof. Consider Zi of the form (10.4). Set: 

G%^G^Agm; \° ^ \,{iOo). (13.7) 

Then we have (with finite sums) 

i/ - Hf - {dQ^f)H)P4ujo)'J3f - i{dnM)H)Pc{ioo)d,J 

\X"-{^-,.)\>u:o, 



J2 z^riG^.-G%,) + cT3CT,Vfn, 



|A -(i^ — /j) I >7n— a;o, 
\t^+iy\<2Ni + l 

with \7 fTZ{z, /, p) the gradient in /, with no differentiation in g{f). In order to 
obtain bounds on /, we need bounds on the right hand term of the equation 
especially the last two terms. They are provided by the following lemma. 

Lemma 13.3. Assume (13.4)-(13.5). Then there is a constant C{Gi,G2) in- 
dependent of e such that the following is true: we have a^aiV fTZ — Ri + R2 
with 

Pl||Lj(M,^^) + p2||^,^j^_^j^^.,e^<C(Ci,C2)6^ (13.9) 

Proof. The proof is standard, a combination of [BC] and [CM]. D 

Lemma 13.4. Consider i-i/" — Hip — if{t)a^Pc'ijJ — \Aa{t)Pcdx^i^ = F where: 
Pc = Pc{uJo), tp = Pc'fpy V 0'''^d each Aa are real valued. Then there exist cq > 
and C > such that if \\{(p, ^)||l°°[o,t] < co then for [p, q) as in Theorem 13.1 
we have 

II^IU?([o.Tl,w..) < C||^(0)||^. + C|l^ll,j,„^^,^.,^,.,„^^,^.|, (13.10) 

Proof. This result is due to Beceanu, see for example Theorem 3.8 [Be]. D 

Continuation of the proof of Proposition 13.2. By (13.8) we can apply to / 
Lemma 13.4 by taking (p(t) = dqi^f^H, Aa{t) = dn^^f^H and F = rhs(13.8) — 
(^[(73, P(j]/. Then, for fixed constants 

<C,\\fmH^+G Yl ll^nii?(o,T) (13.11) 

For e small this yields Proposition 13.2 by Lemma 13.4 and by (13.5). D 
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Lemma 13.5. Assume the conelusions of Theorem 13.1. Then there exists a 
fixed C > and /+ G H^ with ||/+||ifi < Ce such that we have 



lim 



rx(*)e"^^*^^-VW - e'*^"\/- 



= 



m 



(13.12) 



for x(i) :- tc^o + /o dQ^f)H{t')dt' and X{t) := /^ dnif)H{{t')dt' . 



Proof For i>{t) = /(t), F = rhs(13.8) - ^(i)[a3, P^]/, ^(i) = 9^(^)17, A(t) 
du,(^f)H, U{t) == eJ'o(''"=''^(^)+-^(^)-^)'''' and for ii < ia, we have 



i«oti 



\W^"'m{t^)f{t2) - e^^"'m{t,)f{t^)\\H^ < 



II / e'««*'z^(t') [F{t') + Vfit') - ^{t')<JsPdf{t') - lAaPddafit')] dt'Wn^ 

\\^'-fj,\>m — LOa 
+ ll^all i2 +||/||r2|-r, f 1 wl.6-|)- 

Since the rhs has hniit as ii — > +oo, there exists /+ G H^ such that 



hm Z^(i)/W - e-'«°7+ HI = 0- 



This yields Lemma 13.5. 



D 



Lemma 13.6. Assume the conclusions of Theorem 13.1 and the notation of 
Theorem 9.1. Then the conclusions of Theorem 9.1 hold with the /+ of (13.12) 
and with 

2N+1 2N+1 

^=X + iE^^' 5 = X-^A,, (13.13) 

i=i i=\ 

with Ai and ji the terms in (11.6) corresponding to the lie transforms (f>£ of 
Theorem 12.1. 

Proof. This foUows immediately from (11.6). Indeed, schematically 



v^2Af + l 
;lX-!Lfcl T* -J- 



X-E^f + ^A, 



/9.i«e'XTx/i3.i«e'*^"-\/- 



+ 1 



where /g.i (resp. /13.1) is the coordinate in Theorem 9.1 (resp. Theoreml3.1). 

D 

Lemma 13.7. Denote by {uj,v,z' ^ f) the coordinates (2.13) of the solution in 
the initial system of coordinates (we omit 'd,D). Then Ivait^Qc z' {t) — 0, there 
are functions G Ci(R,M) and y G C1(R,R3) g.t. 



lim 

t— >+oo 



hit) 



>3(i'(*)-f+e(t))y'(-^) _ e^^^'V-t 



ffi 



= 0, 



(13.14) 



with the /+ of Lemma 13.5, and liuit/'oo '^(i) = '-^+ o,rid lmit/^00 v{t) — u+. 
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Proof. If we denote by {z' , f) the initial coordinates and by (xg.ij/g.i) the 
coordinates in (9.2) considered in Theorem 9.1, we have z' — z + 0(|z9.i| + 
11/9.111^2,-2). So the asymptotic behavior of z' and of zg,i is the same. By (8.15) 
we get 



TBe'^^^fg.! - r5_^e'^-^(5"-^-7+i'?) y _ r5_^e'"^'(5"-^-7+i^)g, (13.15) 

By (8.11) the second term on the rhs converges to in H^ as, t /^ 00. Hence, 
for 6 := -d + v) and for y := D — A, we obtain (13.14). 

We have <7(co(t)) = g(wo) - M^ + 0(k'(i)| + ||/'(t)||^2.-2) by q{iOo) = 
qiuj) + QiR). Then (13.14) and \z'{t)\ + |j/'(i)||^2,-2 -^ imply 

II it<J3A f 112 II f ||2 

hm q{u;{t))^q{uo)-\im ^ _I^ = ^ (o^o) - i^ = g(c.+), 

where (x>_|_ is the unique element near loq for which the last equality holds. So 
limt^+00 w(i) = LU+. By u = 2(n(C/o) - n{R))Q-^{Uo) wc obtain 

V = 2(n(C/o) - n{f'))Q-\Uo) + 0{\z'{t)\ + ||/'(t)||^2,-2) 

which implies limtz-oo v (t) = 2(n(C/o) - n{f+))Q-\Uo) ==: v+. D 

Lemma 13.8. For {0,y) the functions of (13.14) and (i?,!?) the coordinates of 
(2.11), there are -do G R, j/o G M^ and o(l) ^ a.s t ^ +00 s.t. 

e{t) ^ i9{t) + do + o{l) , y{t) = D{t) + yo. (13.16) 

Proof. Consider the representation U — T£)e"^^'^T^+''^($c^ + R) of the solution 
of if/ = 0-30-1 Vi?(C/). We have the identity 

if/ - -asi^ - ^)Tz5e'"^®($„ + i?) - il) • rz5e'"^^-5V,($„ + R) 
- ^ ■ TDe'^''^cj3x{<^^ + R)+ i^ri5e'"-^®a^$^ + iTDe'^^'^R. 



By Lemma 4.2 we have VE{U) 



,,2 



= Tz3e-''^-^(^+'') f VF($^ +R)- i'aVna($^ + i?) + ^V0($^ + R) 
Then, using also (2.4), if/ — a^aiV E(U) can be expanded for w = loq into 



f^3(^ - ^ + ^ - t^)(*c. + i?) - i(i> - I') • V,($^ + R) + iR 

^ff3($c. + i?) + ic^'^^*^ - ^3^1 (VF($^ + i?) + n7Q($„ + R)) . 

(13.17) 
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Using the first system of coordinates (2.14), and denoting tlie /-coordinate by 
/', we liave for ||G'i||L~([o,+oo),Li) < Ct^ 



- '^al^ - ^ + ^ - c^o)/' - -AD v) ■ v./' - ^aa/' + i/' ^^g^^g^ 

= a3(-A + c^o)/' + Gi. 

Now we substitute in (13.18) the variables of the last coordinate system. In 
particular /' and / are related by a formula like (8.15): 

/'(x) = e''^-^(-3«-(^-'^)-''')/(a; - A) + g{x) , 

1 = 1+ 2^ It, A = A+2^Af, 
1=1 1=1 

with the (7, A) of (13.15) and the (7^, A^) of Lemma 13.6. Substituting (13.19) 
in (13.18) we get after various cancelations, for \\G2\\ l^ ([vi.+oo) ,l'^ nn^) ^ C'e, 



-a^{:d - ua)! - i{b + A) • V/ + i/ = (J3(-A + Wo)/ + G2. (13.20) 

We claim that equation (13.20) is equivalent to equation (13.8). Indeed, taking 
their difference we have 

00(^)^3/ + ''^a,j{t)da:J = G 

with G (resp . Oj ) a continuous functional with values L°°(R, L^(]R'^) n Hi.) 
(resp . L°"(R) ) bounded in the space of solutions we are considering. Then 
ao(i) / /(t, x)dx = <Jz j Gdx. If ao(io) 7^ for a given solution, we can find solu- 
tions for which /„(t, •) e 5(R3), /„(io,-) ^ fito,-) in H\R^), ||/„(io)||Li(R3) ^ 
00, G„(to) -^ G(to) and ao„(to) ^ ao(^o)- This yields a contradiction. So 
ao(t) = 0. By similar reasons aj{t) = 0. This implies G = 0. Equivalence of 
(13.20) and (13.8) yields 

^+^^(i'-A)-i^ = X, Da + K=duM)H , (13.21) 

with the first one a consequence oi "d — ujq = dqif\H. Using the notation of 
Lemmas 13.5-13.7, (13.21) yields what follows: 



^^^ + i|(..A); 



2N+1 (13.22) 






D + k = X = D + } At = y + K and so y = D. 



e=i 



Notice that by Lemma 8.4 and inequality (11.8) there exists limtooA(t). By 
Lemma 13.7 we have lmit^oov{t) = «+. This proves the existence of -do in 
(13.16), which is then proved. D 
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Lemma 13.9. The functions {'&,D) in Lemma 13.8 satisfy D = v + o(l) and 
^ = uj + ^+ 0(1), with linit^oo o(l) == 0. 

Proof. Consider (13.17) with zu ~ uj. Applying to it the hnear operator |xa<&a;) 
and using the {z,f) of the initial coordinate system (2.14) we get \Da — Va\ < 
C(|z| + ||/||^2,-s) for arbitrary S and fixed C. So the rhs is o(l) and we conclude 
D = v + 0(1). Applying {asdu,'^^) to (13.17) we get similarly {■& - ^ + ^ - 
oj\ < C{\z\ + 11/11^2. -s). Using D = v + o(l) we conclude -d = lu + ^ + o(l). 

D 

13.2 Steps (ii) and (iii): the Fermi golden rule 

Step (ii) in the proof of Theorem 13.1 consists in introducing the variable 

g = f+ Yl z^J'^R+{X"-{f,-i,))G%. (13.23) 

\X"-{p-iy)\>u:o 

Substituting the new variable g in (13.8), the first line on the rhs of (13.8) cancels 
out. The following result has been proved in a variety of places in the absence 
of translation, see for example [BuC] . Thanks to Sect. 3.3 [Be], essentially the 
same proof holds here. We skip the proof. 



Lemma 13.10. Fore in Theorem 9.1 sufficiently small, for Cq ~ Co('H) a fixed 



constant, we have ||g||^2^2,-s < Cqe + 0{e^) for a fixed 5 > 1. 



We have arrived at step (iii) of the proof of Theorem 13.1: the Fermi Golden 
Rule. 

Proposition 13.11. There is a new set of variables ( — z + O(z^) such that 
for a fixed C we have 

\\C-z\\Li<CC2e\ \\C-z\\Lr<Ce^ (13.24) 

and we have 

m m 

5*E^"IOI^-25:A^"lm(2?,C,)- 
-2 E AO..Im(rr(i?+oG°oki-3G°j) (^^'^^^ 

\''-a=X°-v>i^o 
A-a — Afc<woVfc s.t. afc^O 
A-i^ — Afc<woVfc s.t. Vk^Q 

where ^- ||2?jCj H^ijo.t] < (1 + C'2)coe^ for a fixed constant cq. 

Proof. See [Cul] and [Cu4]. D 

For the sum in the second line of (13.25) we get finite sums 
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2^: AIm/i?+(A) J2 CGloWi'^s E C^Gj], ) = 

, V (13.26) 

2EAIm/i?+(A) 5] C"G^ok3 E C-GOq), 

A>wo \ AO.^j^A AO-Q=A / 

where we have used Gj^^ = — (TiGOi/^. Notice that the existence of i?^(A) for 
A e cTeCH) is proved in [CPV]. 
We have: 

Lemma 13.12 (Semipositivity). We have r/is(13.26)> 0. 

Proof. See [Cul]. D 

Now we will assume the following hypothesis. 

(HIO) We assume that for some fixed constants for any vector ( G C" we have: 
E A°.^Im(rr(i?+oG^oki'^3GU)« E K"l'- 

(aM) as A''-q>wo 

in (13.25) \'>-a-\l<uJo 

Vfc S.t. QfcT^O 

By (HIO) we have 

2EA°Im(P,C,)>a.EA,"IOP+ E IC"P- 

i J a as in (HIO) 

Then, for t E [0,T], by the last line in Proposition 13.11 we have 



Ej A?IO(OP+Eaasin(H10) II C" II 1,2(0,4) < £^ + ^26^. 

By (13.24) this implies ||z"||^2(-o t) ^ ^^ + ^2^^ for all the above multi indexes. 
So, from |!2:"||^2(o t) — Gfe^ we conclude ||z"|||2co t) — ^(^2^^ for a fixed k, which 
is an improvement if C2 is sufficiently large. So if we take Ci > 2Ki{C'2) and 
C\- C2 sufficiently large, in particular so that \J KC2 < G2/2, we conclude as 
desired that (13.4) and (13.5) imply the same estimate but with Ci, C2 replaced 
by Gi/2, G2/2. This yields Theorem 13.1. 

Remark 13.13. Suppose for simplicity that Ai(cj) = ... = Am(u;) =: A(cj) and let 
us see the meaning of (HIO). We have G^q e S{R^,C^) for all a. For W{uj) = 
limt^+ooe-"«"e'*'"3(-A+c^)^ ^^^^^ g^jgl- p^ g W'''P{R^,C'^) for all fc G E and 

p > 1 with G°o = W{ujo)Fa, [Cu6]. Let *Fa = {Fi^\Fi^^). Then the left hand 
side of (HIO) can be expressed as 

/ , I E CFi'\0\"dS{a (13.27) 

-'l?l = V(^+l)^o-'^" |a|=Ar+l 
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where we are taking the standard Fourier transform and rfS'(^) is the standard 
measure on a sphere. (13.27) is equivalent to the linear independence of the 
finite family of functions {F^ '}a on the sphere of radius ^/{N~^T)Xo^^uio. 
This independence is in general expected to be true. This point is discussed in 
[GW] for a special situation involving small ground states and A^ = 1. 
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